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Abstract

Higher-order networks, which model interactions among groups of entities of an
arbitrary number, emerged as a generalization of simple networks with pairwise
interactions. Their analysis requires the development of stochastic models that can
capture complex spatial, topological, and temporal dependencies. This thesis presents
new probabilistic frameworks for modeling such networks grounded in point process
theory.

The first contribution establishes a Poisson approximation result for the number of
degree-k nodes in weighted random connection models. Nodes are embedded in R? via
a weighted Poisson point process, and edges are formed based on both spatial proximity
and node weights. We identify scaling regimes under which the spatial distribution
of degree-k nodes converges in Kantorovich—Rubinstein distance to a homogeneous
Poisson point process.

In the second part, we analyze the age-dependent random connection model, a
spatial network model viewed as a higher-order network. Limit theorems are shown for
higher-order degree distributions, Betti numbers, and edge counts. Then, the model
is fitted to a real-world collaboration network, and hypothesis tests are conducted to
assess how well the model captures the topological features of the network.

Next, the framework is extended to hypergraphs. Both network nodes and hyper-
edges are modeled as weighted Poisson point processes, and hyperedges are formed
based on joint connections to points representing the hyperedges. In this model, we
prove normal and stable limit theorems for simplex counts, Betti numbers, and edge
statistics. We also present a simulation study and an application to a collaboration
network extracted from the arXiv dataset, comparing the model with real-world
hypergraphs.

Finally, a dynamic version of the hypergraph model is proposed, where we equip
the vertices with birth-death dynamics. We establish two functional limit theorems for
the edge-count process in the model: for light-tailed degree distributions, it converges
to a Gaussian process with Matérn-type covariance. In heavy-tailed regimes, the edge
count process converges to a non-Markovian, non-Lévy stable process. These results
constitute the first dynamic limit theorems for spatial higher-order networks.






Resumé

Hgjereordens netveerk, som modellerer interaktioner mellem grupper af et vilkarligt
antal enheder, er opstaet som en generalisering af simple netveerk med parvise inter-
aktioner. Deres analyse kraever udvikling af stokastiske modeller, der kan indfange
rumlige, topologiske og tidsmeaessige athsengigheder. Denne afhandling praesenterer
nye sandsynlighedsteoretiske rammer for modellering af sddanne netveerk, baseret pa
punktproces-teori.

Det forste bidrag etablerer et Poisson-approksimationresultat for antallet af noder
med grad-k i veegtede tilfseldige forbindelsesmodeller. Noderne placeres i R? via
en vagtet Poisson-punktproces, og kanter dannes ud fra bade rumlig nserhed og
nodernes vaegte. Vi identificerer skaleringsregimer, hvorunder den rumlige fordeling af
grad-k-noder konvergerer i Kantorovich—Rubinstein-afstand til en homogen Poisson-
punktproces.

I den anden del analyserer vi den aldersathsengige tilfaeldige forbindelsesmodel, en
rumlig netveerksmodel, der betragtes som et hgjereordens netvaerk. Graensesatninger
vises for hgjereordens gradfordelinger, Betti-tal og antallet af kanter. Herefter tilpasses
modellen til et reelt samarbejdsnetvaerk, og hypotesetest udfgres for at undersoge,
hvor godt modellen fanger de topologiske traek i netvaerket.

Dernaest udvides rammen til hypergrafer. Bade netvaerksnoder og hyperkanter
modelleres som vaegtede Poisson-punktprocesser, og hyperkanter dannes pa baggrund
af faelles forbindelser til punkter, der repraesenterer hyperkanterne. I denne model
beviser vi normale og stabile graensesaetninger for antallet af simplekser, Betti-tal og
kantstatistikker. Vi prassenterer ogsa en simuleringsundersggelse og en anvendelse pa
et samarbejdsnetveerk udtrukket fra arXiv-datasaettet for at sammenligne modellen
med virkelige hypergrafer.

Afslutningsvis foreslas en dynamisk version af hypergrafmodellen, hvor vi udstyrer
toppunkterne med faodsels-dgds-dynamik. Vi opstiller to funktionelle graensessetninger
for kantteellingsprocessen i modellen: for letthalegradfordelinger konvergerer den mod
en Gaussisk proces med Matérn-lignende kovarians. I tunghaleregimer konvergerer
kantteellingsprocessen mod en ikke-Markovsk, ikke-Lévy stabil proces. Disse resultater
udggr de forste dynamiske graensesaetninger for rumlige hgjereordens netvaerk.
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Introduction

My PhD thesis presents the results of the research conducted under the project entitled
“Stochastic models for higher-order networks: Point processes and topological data
analysis”, which was financed by the Danish Data Science Academy (DDSA) PhD
Fellowship grant with grant number DDSA-PhD-2022-008.

This thesis investigates stochastic point processes and topological structures in
random networks. The research focuses on both theoretical and applied aspects,
addressing the following major topics.

o We study spatially embedded random graphs, with particular emphasis on
weighted and age-dependent random connection models. Our analysis covers
generalized degree distributions, edge and simplex counts, and Betti numbers.
In particular, we investigate the influence of heavy-tailed distributions on these
network characteristics.

o We apply tools from topological data analysis (TDA), such as Betti numbers and
simplicial complexes, to capture higher-order connectivity of random networks.

e The theoretical results are complemented by simulations and empirical studies
on collaboration networks, demonstrating the practical relevance of the models
developed.

The thesis is based on the following four papers.

Paper A Poisson approximation of fixed-degree nodes in weighted random connection
models. Published in Stochastic Processes and their Applications [51].

Paper B On the topology of higher-order age-dependent random connection models.
Published in Methodology and Computing in Applied Probability [49].

Paper C Random connection hypergraphs. Preprint available at arXiv [19)].

Paper D Functional limit theorems for edge counts in dynamic random connection
hypergraphs. Preprint available at arXiv [52].

These research papers have been included in this thesis without significant modifica-
tions compared to their published versions. The specific changes, apart from minor
typographical corrections and formatting adjustments made to the papers, are listed
in Section Errata.


https://www.sciencedirect.com/science/article/pii/S0304414925000341
https://link.springer.com/article/10.1007/s11009-025-10173-7
https://arxiv.org/abs/2407.16334v2
https://arxiv.org/abs/2507.16270

Introduction

The thesis is organized as follows.

The Introduction introduces the overall topic, and establishes the main mathe-
matical framework necessary for understanding the results presented in this thesis.
Then, the included papers are summarized, highlighting their main contributions
and findings. This part of the thesis intentionally overlaps with the included
papers as they address the same models, results, and background material. Next,
an overview of the computational framework is provided, which was developed
for simulating random connection models and simplicial complexes. The last
part of the Introduction discusses the Boolean model, which serves as a simple
model to demonstrate the proof techniques applied throughout several of the
included papers.

Paper A presents the paper titled Poisson approximation of fixed-degree nodes
in weighted random connection models [51], a joint work with Christian Hirsch,
Benedikt Jahnel, and Sanjoy K. Jhawar. In this paper, we investigate the Poisson
approximation of degree-k vertices in weighted random connection networks.

Paper B contains the paper titled On the topology of higher-order age-dependent
random connection models [49], in which we study the age-dependent random
connection model viewed as a higher-order network. This paper is a joint work
with Christian Hirsch.

Paper C comprises the paper Random connection hypergraphs [19], which was
written jointly with Christian Hirsch, Moritz Otto, and Morten Brun. This
paper presents a novel hypergraph model that incorporates both theoretical and
computational results.

Finally, Paper D consists of the paper Functional limit theorems for edge counts
in random connection hypergraphs [52], which is a result of collaboration with
Christian Hirsch and Benedikt Jahnel. The primary focus of this paper is on
a functional normal and a functional stable limit theorem derived for random
connection hypergraphs.

1 Motivation

Complex systems are characterized by behaviors that cannot be directly inferred
from their components’ properties, i.e., the relationships between their components
are crucial for their understanding. Simple networks are mathematical models to
represent these relationships, where vertices represent components and the interactions
between them are modeled by edges. Although these traditional network models have
been successful in explaining properties emerging from pairwise interactions, they
fall short in helping to understand group interactions seen in, among others, neural
networks, scientific collaborations, and chemical reactions. This drawback is visualized
in Figure 1, which illustrates a collaboration network where multibody interactions
naturally arise.



1. Motiation

(a) Three pairwise collabo- (b) A single three-way col-
rations laboration

Figure 1: In a collaboration network, vertices represent scientists or authors, and
there is a connection between them whenever they have a common publication
together. The system can be modeled using the same graphical representation if
the three authors have three publications, each written by a pair of authors (left),
or if the three authors have a single, common publication (right). In this case,
the simple graphical representation leads to information loss.

To overcome this limitation, two related concepts have been introduced: hypergraphs
and higher-order networks, the latter being a subset of the former. Hypergraphs are
generalizations of simple networks, where edges, called hyperedges, can connect more
than two vertices. Higher-order networks are a special case of hypergraphs in which each
subset of vertices in a hyperedge is itself connected by a hyperedge. This means that
higher-order networks are represented as simplicial complexes, which are combinatorial
structures that generalize graphs to higher dimensions, and will be defined in Section 2.

Although higher-order networks have been studied for many years [25, 53], only a
few papers discuss the higher-order structure of these systems using simplicial complex
models. Despite a range of studies in this field, the structure and dynamics of higher-
order interactions are still not well understood. The aim of this thesis is to develop,
describe, and simulate stochastic higher-order network models. The modeling phase
relies on the theory of stochastic point processes and random simplicial complexes,
described in [76, 106], and [11]. Due to the complexity of the mathematics involved,
most of our results are proved in the large network limit.

In two of the papers included in this thesis, Papers B and C, we relate our models to
real-world collaboration networks, where higher-order relationships naturally arise [6].
In these networks, nodes represent scientists, while their higher-order interactions can
be inferred from common publications they authored [65]. The dataset used for this
research is the arXiv database [1], which at the time of the study contained a diverse
set of approximately 2.5 million published and unpublished documents in various
disciplines. To compare our models with these data, we first conducted simulation
studies of our model to examine whether our results derived in the large network
limit are valid in finite-size networks. As simulating large networks is computationally
expensive, efficient algorithms had to be developed, which are detailed in Section 4.
After fitting the model parameters to the data, we applied statistical tests to examine
how well our model describes the various datasets.
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2 Mathematical framework

This section provides an overview of the main mathematical concepts and tools used
throughout this thesis. It covers the theory of point processes, higher-order networks,
stable distributions, and functional convergence of stochastic processes. These topics
form the foundation for understanding the models and results presented in the included
papers.

2.1 Poisson point processes

The definitions and properties presented in this section are based on [66].

A point process is a random collection of points in a mathematical space, often
used to model random events. In our context, point processes provide the probabilistic
foundation for our network models. Vertices are sampled as random points, and edges
are drawn based on their locations and the marks assigned to them. Let (2, F,P) be a
probability space and (S, S) a measurable space. We denote by N, the set of all Ny-
valued measures on S, i.e., for all measures £ € N, and all bounded subsets A € S,
we have £(A) € Ny. Let N be the set of measures that can be written as a countable
sum of measures from N_, i.e., for all £ € N, there exist &1,&2,... € N.y such that
& =>72,&. Furthermore, let N be the o-algebra generated by subsets of N of the
form

{£ e N:€(A) =k}, Ae S, keNy,

i.e., & — £(A) is measurable for all A € S.

Definition 2.1 (Point process). A point process & on S is a measurable map

& (QF) = (N,N).

Let £ be a point process on S, and let A € S be an arbitrary measurable set. Then, £(A)
is a random variable representing the number of points of the process in the set A.
For all k € Ny, the event that there are exactly k points in A is given by {{(4) = k},
which is an element of F due to the measurability of £.

Remark 2.2. IfS is a complete separable metric space, then any locally finite point
process on S can be represented as a countable sum of Dirac measures, i.e., there
exist points x1,T2,... € S such that £ = Y72, 65,, where 05 is the Dirac measure at
point x € S.

To compute expectations with respect to a point process, we need the notion of
intensity measure, which gives the mean number of points in a given measurable set.

Definition 2.3 (Intensity measure). The intensity measure \ of a point process &
on S gives the mean number of points in a given measurable set A € S, and is defined

by A(A) = E[((A)].

Campbell’s formula provides a way to compute expectations of functionals of point
processes.
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Proposition 2.4 (Campbell’s formula). Let £ be a point process on S with intensity
measure A\, and let f: S — [—00,00] be a measurable function. If [s|f(x)| A(dz) < oo,

then
B[S f(@)] = [ f(@) A(d)

el

where the sum s over all points x in the point process &.

The distribution of a point process is characterized by its finite-dimensional distribu-
tions, which describe the joint distribution of the number of points in a finite collection
of measurable sets.

Definition 2.5 (Finite-dimensional distributions). Let & be a point process on S. The
finite-dimensional distributions of € are the joint distributions of the random variables
E(Aq),...,&(Ay) for any finite collection of disjoint measurable sets Ay, ..., A, € S.

A point process is called stationary if its distribution is invariant under translations.
Next, we define the Poisson point process, a fundamental example of a point process,
which will serve as the underlying model for vertex locations in each of the papers
included in this thesis. Before doing so, recall that a measure p on (S,S) is called
s-finite if there exist finite measures pu1, o, ... such that p = Y72, p;.

Definition 2.6 (Poisson point process). A point process P on S is a Poisson point
process with intensity measure A if A is s-finite, and for all disjoint bounded sets
Ai,..., Ay €S8, the random variables P(A1),...,P(A,) are independent and Poisson
distributed with parameters A(A1), ..., AN(Ay), respectively.

Remark 2.7. The symbol P for a Poisson point process will be used in two ways
throughout this thesis. Specifically, P will either denote the Poisson point process as a
random closed set of points, or the associated random counting measure, P =3, cp 0p.
The intended meaning will always be clear from the context.

In the following, we introduce the Mecke formula, which is a powerful tool for computing
expectations involving Poisson point processes.

Proposition 2.8 (Multivariate Mecke formula). Let P be a Poisson process on S with
intensity measure A, and let f: S™ x N — [0, 00| be a measurable function with m € Ny.
Then,

E[ 3 1(poP)] = [E[f(pnP U P })] X" Ay,

pmePQ

where P is the set of all m-tuples of distinct points from P, and \™ is the m-fold
product measure of .

Finally, the Palm distribution provides a way to study the process from the viewpoint
of a typical point or object. Intuitively, this means conditioning on the existence of
a point or object, which is often shifted to the origin, and then analyzing how the
rest of the process is distributed around it. This perspective is essential in Papers B
and C, where local neighborhoods around points play a central role. Note that a point
process & on S is locally finite if P(§(A) < oo) =1 for all bounded sets A € S.

5
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Definition 2.9 (Palm distribution). Let P be a locally finite stationary point process
on R with finite positive intensity measure X € (0,00). With f: R% x Njpe — [0, 00)
being a measurable function, the Palm distribution }P’% of P is the unique probability
measure on Nioc defined by

E[Y /(0P -p)| = A//f@ﬂ’)ﬂ”%(du) dp,

peEP

where P —p =73, cp Op—p-

2.2 From point processes to higher-order networks

By equipping point processes with random connections, one arrives at random connec-
tion models, which serve as a bridge to higher-order networks.

In random connection network models vertices are represented by points in a
metric space, and edges are formed randomly and independently based on a connection
function that determines the probability of an edge existing between any two points.

Definition 2.10 (Random connection model). A random connection model is a
random graph constructed from a point process P on R% by connecting points p1,ps € P
with an edge conditionally independently with probability given by the connection
function ©(p1, p2), where ¢: R x R = [0,1] is a measurable function.

Random connection models form a fundamental class of spatial random graphs that
capture pairwise interactions between nodes.

Higher-order networks are generalizations of traditional networks that allow for
the representation of multibody relationships, such as those found in social, biological,
and technological systems. Hypergraphs and simplicial complexes are two common
mathematical structures used to model higher-order networks.

Definition 2.11 (Hypergraph). A hypergraph is a pair (V,E), where V is a set of
vertices and £ is a collection of nonempty subsets of V', called hyperedges. FEach
hyperedge may contain more than two vertices.

Random hypergraph models can be constructed by extending random connection
models to allow for the formation of hyperedges connecting multiple vertices. For
example, as we will see in Paper C, hypergraphs can be modeled as bipartite graphs,
where one set of vertices represents the original vertices and the other set represents
the hyperedges.

Hypergraphs provide a natural way of representing higher-order interactions, but
they do not encode any topological structure beyond the hyperedges themselves. Sim-
plicial complexes constitute a subset of hypergraphs that are combinatorial structures
with a topological interpretation, which allows for the application of tools from topology
to analyze their properties.

Definition 2.12 (Simplicial complexes). A simplicial complex on a verter set V
is a family KC of finite subsets of V' such that 7 € K whenever 0 € K and 7 C 0.
The elements of K are called simplices, with 0-simplices corresponding to vertices,
1-simplices to edges, 2-simplices to triangles, and so on.

6
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A visualization of a simplicial complex is presented in Figure 2. One way to construct
a simplicial complex from a graph is through the clique complex, which includes all
cliques, fully connected subgraphs of the graph as simplices. Topological data analysis
(TDA) provides tools to quantify the shape and connectivity of simplicial complexes.
Central among these are Betti numbers, which count topological features of different
dimensions: [y is the number of connected components, 81 denotes the number of
loops, B2 the number of voids and so forth.

Definition 2.13 (Betti numbers). Let K be a simplicial complex. The k-th Betti
number By (IC) is the rank of the k-th homology group Hy(KC), and measures the number
of k-dimensional holes in the complex.

For more details on simplicial complexes, homology, and Betti numbers, we refer the
reader to [73]. Betti numbers are topological invariants that are robust to perturbations,
and thus, they provide a summary of the global structure and connectivity of higher-
order networks. In Papers B and C, we study the distribution and scaling behavior of
Betti numbers for random simplicial complexes constructed from point processes.

2.3 Miscellaneous topics

This section recalls some analytical and probabilistic tools that will be employed
throughout the thesis.

Stable distributions and regular variation. Heavy-tailed phenomena play a
central role in random graphs and networks, where degrees and weights often exhibit
power-law behavior. Two analytical tools to capture such asymptotics are regularly
varying functions and stable distributions.

Regular variation provides a mathematical framework for describing heavy tails
and scaling properties. It is related to stable distributions through generalized central

44,
W

Figure 2: A simplicial complex consisting of vertices (0-simplices), edges (1-
simplices), filled triangles (2-simplices), and a filled tetrahedron (3-simplex).
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Definition 2.14 (Regular variation). A measurable function L: (0,00) — (0,00) is
slowly varying at oo if for all ¢ > 0,

lim L(cx)

=1
et L(z)

A function f is reqularly varying with index p € R if
f(z) =aL(z), x>0,
for some slowly varying function L.

Loosely speaking, a function is regularly varying if it behaves like a power law up to a
slowly varying correction.

Next, we define stable distributions, which, as we will see, arise as limits of
normalized sums of i.i.d. random variables, possibly with heavy tails.

Definition 2.15 (Stable distribution). A random variable X is called stable if for
all n € N there exist sequences a, > 0 and b, € R such that

n
SXi £ anX + b,
i=1

where X1, ...,X, are i.i.d. random variables.

Stable distributions are characterized by four parameters: the stability parameter o €
(0, 2], the skewness parameter 5 € [—1,1], the scale o > 0, and the location u € R.
The cumulative distribution functions and probability density functions of stable
distributions do not have closed-form expressions in general, except for a few special
cases. However, they can be characterized via their characteristic functions. The
characteristic function of a stable random variable X ~ S, (3,0, 1) is given by

E[eitX] _ exp(it,u _ ga‘t’a(l —i8sign(t) ¢(c, t)))» teR,

where
t 2 1
R e !
~2log(t]), a=1.

The stability index o governs the heaviness of the tails since P(|X| > x) is regularly
varying with index —a. We also note that Gaussian, Cauchy, and Lévy distributions
are stable:

e a =2 and f = 0 describes the normal distribution with mean y and variance 202,

e if @ =1 and 8 =0, then X follows the Cauchy distribution with location yx and
scale o, and finally

o ifa=1/2, f =1, then X follows the Lévy distribution with density

flx) = \Jo/2m (x — p) "2 exp(—0/(2(z — p))), where x > p.

8
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The following generalized central limit theorem states that stable distributions
describe the limits of normalized sums of i.i.d. random variables with regularly varying
tails.

Theorem 2.16 (Generalized central limit theorem). Let X1, Xo, ... be i.i.d. random
variables. If there exist sequences of constants a, > 0 and b, € R such that the below
convergence in distribution holds:

n
d
an § Xi — by nToo> X,
i=1

where X s a nondegenerate random variable, then X has a stable distribution.

Skorokhod topology and metric. In Paper D, we study convergence of cadlag
stochastic processes (continuous from the right with left limits) with jumps. In this
setting, uniform convergence is often too restrictive. Thus, convergence is considered
in the Skorokhod space D([0,1],R). The Skorokhod topology allows deformations of the
time axis, aligning jumps in approximating processes with those of the limit process.

Definition 2.17 (Skorokhod metric). Let f,g € D(]0,1],R) be two cadlag functions.
The Skorokhod metric dsy(f, g) is defined as

dsic(f.g) =it (A =] v [1f o X" = g]]),

where the infimum is over all homeomorphisms X from [0, 1] to itself, I is the identity
map and || - || is the supremum norm on [0, 1].

Intuitively, the metric allows for small time changes A to align the jumps of f and g.

3 Research questions and methods

3.1 Paper A

In Paper A, which is a result of a collaboration with Christian Hirsch, Benedikt Jahnel,
and Sanjoy K. Jhawar, we study the spatial distribution of degree-k nodes in weighted
random connection models (WRCMs) with a focus on the influence of the left tail of
the weight distribution.

Mbotivation

Real-world networks, such as those in the fields of social or biological sciences, often
exhibit heavy-tailed degree distributions [3], meaning that although most nodes have a
relatively low degree, a few very high-degree nodes exist. In classical random connection
models (RCMs), in which edges are formed between a pair of nodes depending on
their distance only, such heavy-tailed degree distributions cannot be produced [72,
Equation (6.1)]. Thus, their generalized versions, the so-called weighted random
connection models (WRCMs), are introduced. In WRCMs, edges are formed between

9
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a pair of nodes depending not only on their distance, but also on weights assigned to
them. An important early example is the scale-free RCM introduced in the work of
Deijfen et al. [28], which generates heavy-tailed degree distributions through suitable
choices of vertex weights.

In this paper, we show a Poisson approximation result for the occurrence of degree-k
nodes in spatial scale-free random networks in the dense regime. We further examine
how the left tail of the weight distribution influences the spatial distribution of these
nodes.

Model

The precise model studied in this paper is called kernel-based spatial random network
model. We build the model from a set of points generated by a homogeneous Poisson
point process P, on R? with intensity s > 0, where R? denotes the d-dimensional
Euclidean space. Next, we assign i.i.d. weights W, € R4 to each of the points = € P;
whose cumulative distribution function is denoted by F(w) = P(W, < w). The
probability ps(x, Wy;y, Wy) that a pair of vertices x,y is connected is determined by

|B\xfy| (O) |
i)

Wesy, Wy) =
p5<37, $7y7 y) SO(USK/(WI,W:U

where

: [0,00) = [0,1] is the profile function;

B,(0) CRY is the Euclidean ball with center o and radius 7;
| B, (0)] denotes the volume of the Euclidean ball;

K: Ri — Ry denotes the interpolation kernel;

vs € Ry is the scaling factor depending on s.

The profile function ¢ translates the ratio of spatial distance (encoded by the volume
of the Euclidean ball with radius |2 — y|) and vertex weights (captured by «(W,, Wy))
into a probability of connection. If ¢ is a decreasing function, it reflects that if two
vertices are closer to each other or have larger weights, they are more likely to connect.
We assume that the profile function ¢ is regularly varying with tail index a at oo,
ie., limpmoo @(tr)/p(r) = t for all ¢ > 0. The interpolation kernel function , also
introduced in the context of the WRCM in the work of van der Hofstad et al. [104],
maps a pair of weights wy,ws to a factor as follows:

k(wi, we) = (w1 A we)(wy V wse)® with a > 0.

Note that if a = 0, then k(wi,w2) = wi A wa, which is called the min kernel. On the
other hand, if a = 1, then k(w;,w2) = wiwsy, which is known as the product kernel.
The connection probabilities for an example of a profile function ¢ and an interpolation
kernel k are shown in Figure 3. We can see that the connection probabilities are
influenced not only by the distance of the nodes but also by their weights.

10
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0 1 2 3

Figure 3: Connection probabilities of a node at location x and weight w, =1
and a node at location y and weight w, in a weighted random connection model
with parameters d = 2, vy = 7, p(x) = (1+2)72, and a = 3.

Therefore, the resulting graph G(Ps,vs) is random in three ways:
o through the spatial location of the nodes,

e through the weights assigned to the nodes and

e through the random edges connecting the nodes.

Despite these sources of randomness, van der Hofstad et al. [104] showed that many
key network properties, such as the scaling of the vertex degrees and the clustering
coefficient, are independent of the specific form of the connection function.

We examine the spatial distribution of k-degree nodes in the graph G(Ps,vs) in
the limit as the intensity s of the Poisson point process P increases. To ensure that
the intensity of the k-degree nodes remains bounded, the scaling factor vy is chosen as
a function of the intensity s such that the expected number of degree-k nodes in a
bounded region remains constant as s — oo. In Lemma A.2.1, it turns out that v,
must fulfill the scaling Equation (SCG), which is restated below for convenience:

k! = sE[A,, (W) exp(—A,, (W))] where Ay, (w) = svs Els(w, +)].

Main results

Having established the model, we now focus on the spatial distribution of degree-k
nodes in the high-density limit as s — oo, which is given by the point measure

£ = Z 1{deg(x) = k in G(Ps,vs)}da,

r€PsNH

where 0, denotes the Dirac delta, H C R? is a finite-volume Borel set, and deg(x)
denotes the number of edges of a node .

11
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If £ = 0, then the point measure & counts the isolated nodes in G(Ps,vs). The
typical weight ws of an isolated node cannot be too small, since these nodes are unlikely
to appear. On the other hand, the typical weight ws cannot be too large, since these
nodes are unlikely to be isolated due to their high weight. It turns out that the typical
weight w; of an isolated node is given by the 1/(2s)-quantile of the weight distribution,
i.e., the weight w, satisfies F'(ws) = 1/(2s).

Before stating the main result, we introduce the notion of the Kantorovich—
Rubinstein distance.

Definition 3.1 (Kantorovich-Rubinstein distance). The Kantorovich—Rubinstein
distance dxr between two point measures & and &' is defined as

dkr(,€) = sup{|E[g(£)] — E[g(£')]]: g € LIP},

where LIP(1) denotes the set of Lipschitz functions on the space of point measures
with Lipschitz constant at most 1.

Then, our main result can be stated as follows:

Theorem A.2.2 (Poisson approximation). Let § = (o — 1)/2, and let us assume
that for some K > 0 and n € (0,1), the weight distribution F satisfies the following
conditions:

(svs) "t € o(1/log(s))

F(w?) wy B € o(1/log(s))

wy I=EDA=1) ¢ 5(1/1og(s)).
Furthermore, let H C R¢ denote a finite-volume Borel set, and let ¢ be a Poisson
point process with intensity 1{xz € H}dx. Then, the point measure & converges in the

Kantorovich—Rubinstein distance dgr to ¢ as the intensity s of the point process Ps
increases:

;nglo dkr(&s,¢) = 0.

Note that svs is the order of the expected degree of a typical node o. With W,
denoting the weight of o, this can be seen from the following calculation, which is
based on the proof of Lemma A.4.3:

E[deg(o) | Wo] =E[ > 1|wy)] :s/RdE[ o(0, Wy 2, Wy | W,] da,

meﬁg L 0

where we have used Campbell’s formula [66, Proposition 2.7] in the second step. Next,
we substitute the profile function and switch to spherical coordinates with v == | B}, (0)|:

E[deg(0) | W] = s [~ El(v/(vur(Wo, W) | W do

= SUs /OOOIE[/-@(WO, W)p(u) | W, du

12



3. Research questions and methods

where we have substituted u := v/(vsk(W,, W,)), applied Fubini’s theorem in the last
step, and recognized that the integral is a function of the weights only. Interchanging
the expectation and the integral and noting that [;* ¢(u)du =1 by assumption gives
us

E[deg(o) | W,] = SUSE[K(WO, W) /Ooo o(u) du ‘ WD} = svsh(W,).

We can see that the left tail, or more precisely, the 1/(2s) quantile ws of the weight
distribution, plays a crucial role in the three technical assumptions of the theorem. To
interpret these assumptions, we can think of 7 to be close to 1 and K to be small. Then,
the first condition roughly tells us that the product of the expected typical degree sv,
and the weight w, should increase at a rate faster than log(s) as the intensity s
increases. The second assumption approximately requires that swi' increases with
a rate faster than log(s) for some small 1 > 0. Lastly, the third condition states
that w$? for some small e > 0 should increase at a rate faster than log(s). Although
the assumptions of the theorem are technical, they can be satisfied by many common
weight distributions, such as the polynomial and stretched exponential left tails, as
shown in Section A.3.

Finally, we point out that convergence in distribution follows from convergence in
Kantorovich-Rubinstein distance, which is the conclusion of Theorem A.2.2.

Methodology

To show Theorem A.2.2, we would like to apply [16, Theorem 4.1], which applies
Stein’s method to show a convergence result. To state this result in the context of our
model, we need to introduce some additional notation.

Let (X, X') denote a locally compact second countable Hausdorff space. Let Nioc
and F denote the set of locally finite point sets on X, and the set of closed subsets
of X, respectively.

Furthermore, let S: X x Nj,c — F denote a measurable function that assigns a
closed set to each pair € X and w € Njoc. Moreover, we assume that S is a stopping
set, which, loosely speaking, means that S can only depend on points inside the set it
assigns [69, Appendix A]. More precisely, S is a stopping set if for all & € X and all
closed sets A € F, the following holds:

{w € Njoc: S(z,w) € A} = {w € Njoc: S(z,wnN A) C A}

Finally, we introduce an indicator function g: X x Njoc — {0, 1}, which is localized
to the stopping set S, i.e., for all x € X, we have that g(x,w) = g(x,w N A) for
all A D S(x,w). This means the function values of g are determined solely by the
points of w that are in S.

Theorem 3.2 (Bobrowski, Schulte, Yogeshwaran [16]). Let 1) and ¢ be two Poisson
point processes on X with intensity measures Ay, A¢, respectively. Furthermore, let &
be a Poisson-driven point process defined from the Poisson process v as follows:

= Y g i)be A= [Elgla v+ 5 u(de) < o0

ey
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for any indicator function g localized to a stopping set S,
dkr(&s, Q) < d1v(Ae; A¢) + E1 + B2 + E3 + By,

where dtv(Ae, A¢) is the total wariation distance of the intensity measures,
and E1, ..., Ey are error terms for higher-order deviations as specified in [16, Theo-
rem 4.1].

The form of the intensity measure A¢ results from the application of Mecke’s formula
to the definition of the point process £&. The error terms Fn, ..., E4 quantify deviations
when the indicator function g is 1 for two-point configurations that are close to each
other, excluding interactions not present in Poisson processes.

To apply this theorem to our model, we would like to use g((z, W), Ps) =
1{deg(z) = k in G(Ps,vs)}, where deg(x) denotes the degree of the point z with
mark W, in the graph G(Ps,vs). However, the theorem cannot be directly applied
since it requires the indicator function g to be localized to a stopping set S. In our
setting, this is not the case: nodes far away from x can influence the degree of x if
they have a sufficiently large weight, and in general, nodes can have large weights as
well. This problem is visualized in Figure 4.

Thus, our strategy is to follow the two steps below.

(1) First, in Proposition A.4.1, we approximate the indicator function g in two ways.

o Mark approximation: we neglect points with marks larger than w.

¢« Reach approximation: we neglect points that are too far away from =x.

In both the mark and the reach approximation, we bound the Kantorovich—
Rubinstein distance between the original and the truncated functionals. We need

weight

1
1
1
1
1
1
1
1
1

T

position

Figure 4: The problem of localization: the degree of the central red point x
with mark W, is influenced by points far away from (z, W,). Thus, no matter
how large the stopping set S((x, W), Ps) is, we cannot be sure that it contains
all points that influence the degree of x.
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to control two types of errors: the truncations lead to lost k-degree points that
have edges to truncated points, and some points with degrees larger than k will be
k-degree nodes. These truncations allow us to apply the Poisson approximation
theorem.

(2) Then, in Proposition A.4.2, we show that the error terms in the theorem converge
to 0 as the intensity s increases. The theorem then gives us convergence in the
Kantorovich—Rubinstein distance dgg.

3.2 Paper B

Paper B, written in collaboration with Christian Hirsch, studies the age-dependent
random connection model (ADRCM) viewed as a higher-order network.

Motivation

As mentioned earlier, real-world networks often exhibit heavy-tailed degree distribu-
tions. The first widely used model to describe such a system was the Barabasi-Albert
model introduced by Barabasi and Albert [3]. In this model, the network forms
gradually by adding new nodes one by one. Each new node connects to existing nodes
with a probability proportional to their degree, which means that high-degree nodes
are more likely to be connected to new nodes. This mechanism is often referred to as
preferential attachment. However, the Barabasi—Albert model is a nonspatial model
that is hard to analyze due to the dependence of the degree of the nodes.

To overcome this difficulty, the age-dependent random connection model (ADRCM)
was introduced in [40]. In this model, each node is assigned an arrival time, and its age
determines the probability of new, younger nodes connecting to existing older nodes
in such a way that the resulting degree distribution is heavy-tailed.

In this paper, we study the ADRCM as a higher-order network model by con-
structing a simplicial complex on the simple graphs that the ADRCM model generates.
To examine how well the clique complex [33] of the ADRCM captures the properties
of real-world networks, we compare the higher-order networks with the collabora-
tion network of the arXiv dataset, conducting hypothesis tests for various network
characteristics.

Model

The age-dependent random connection model (ADRCM) is defined as follows. Vertices
(z,t) € [-1/2,1/2]% x R, arrive to the d-dimensional Euclidean unit cube [—1/2,1/2]¢
at spatial location = € [~1/2,1/2]¢ and arrival time ¢ according to a homogeneous
Poisson point process P. Two vertices (z,u) and (y,v) with u < v are connected with
a probability p(z,u;y,v) defined by the profile function ¢: [0, 00) — [0, 1] as follows:

p(z,u;y,v) = (p(ﬁlx—yl>7

u—’YfU_(l_'Y)
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where

¢: [0,00) — [0,1] profile function;
5>0 scaling factor;
v € (0,1) age parameter.

Remark 3.3. We remark that in the work of Gracar et al. [40], the ADRCM is
defined slightly differently on the d-dimensional torus T¢ = [—1/2,1/2)% with the torus
distance diorus(,y) = [Zle(minme{_w’l}ﬂxi —yi +m)2Y? with © = (x1,...,24)
and y = (y1,...,yq) instead of the Euclidean distance |x — y|. As we will see later, we
will consider the limit as the size of the torus grows to infinity, and then the torus
distance converges to the Fuclidean distance. In the cases of simulation studies of
finite-size networks and hypothesis tests on real-world datasets, we will use the torus
distance to eliminate boundary effects and to ensure consistency with [40].

While the parameter 8 governs the overall edge density, the parameter v controls
the strength of the preferential attachment mechanism and determines the tail index
of the degree distribution.

Note that
d(t! e, tVhy)? N d(,y)
w(ﬁ(u/t)—v(v/t)—(l—v) o <5u—vy—(1—v))’

thus, for a finite value of ¢, the ADRCM can be rescaled using the transformation
he: [=1/2,1/2)% % (0,t] = [—t/2,t/2]% x (0,1] defined by the map (z,u) — (Y%, u/t),
which is visualized in Figure 5. This transformation allows us to examine the ADRCM
on the more convenient space [—t/2,t/2]? x (0, 1] instead of [-1/2,1/2]? x R,. From
now on, we will study the rescaled ADRCM, and we will not introduce new notations
for the rescaled model.

./'\ //2 Jz

—1/2 0 1/2

Figure 5: Rescaling of the age-dependent random connection model. The figure
was recreated based on [40, Figure 1].
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The connection condition can be interpreted similarly to the profile function used
in the weighted random connection model (WRCM) from Paper A. First, define the
kernel function kaprem(u, v) as

(u A v) Y(u Vo)~ (=)
= (u= () vy~ @) T (4 =(1=9) = (1))
= (a

Y ) v/(1- 7)( /\@),

KADRCM (U, V) =

where we have introduced the transformed marks @ := v~ (1= and ¥ = v~ (=)
in the last step. The transformed marks %, ? are distributed according to a Pareto
distribution with tail index 1/(1 — ). We note that Gracar et al. [42] introduced a
more general class of kernels that includes the kernel kaprcwm as a special case. Then,
the connection probability and the profile function can be interpreted in the framework
of the WRCM. Note that the results of Paper A cannot be directly applied to the
ADRCM, since the regular variation at oo of the profile function ¢ is not required,
and the weight distribution does not fulfill the assumptions of Paper A.

In our paper, we focus on the one-dimensional case d = 1 with profile func-
tion ¢(r) = 1{r < 1}. This means that the connection between a pair of points
(z,u), (y,v) € R x (0,1] with v < v is deterministic, and formed if the condition
|z —y| < Bu=Yv~(=7) holds. This connection condition is visualized in Figure 6 as
well. The expected number of edges of a node (z,u) to nodes with smaller arrival
times is Poisson distributed with parameter 25/(1 — =), which corresponds to the
outgoing degree of the node. On the other hand, the expected number of edges to
nodes with larger arrival times is Poisson distributed with parameter %(u*V -1),
which corresponds to the incoming degree of the node. Since the mark w is uniformly
distributed on (0, 1], the expected number of incoming edges of a node has a power-law
tail with tail index 1+ 1/, which can be seen by the application of Poisson concentra-
tion inequalities. These properties make the ADRCM an interesting model to study,
as it captures the preferential attachment mechanism while being more tractable than
the Barabasi—Albert model.

mark
‘LE — y| g guf'yv*(l*'Y)
lz —y| < gv*vuf(lfv) younger |neighbors
| (z,u)
_’__,,,)/ olderTneighbors x
z position

Figure 6: Connection conditions in the ADRCM. In the figure, we have a fixed
point (z,u). The gray area shows the domain of points that can be connected
to (x,u). Note that the connection condition differs for older and younger neighbors
with marks less and larger than u, respectively. The figure was recreated based
on Figure B.3 from Paper B.
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The ADRCM produces a simple graph; therefore, it is not well-suited to study
higher-order structures. In this paper, we study the ADRCM as a higher-order network
by considering its clique complex G := G(P), which is a simplicial complex in which
each clique of the original graph corresponds to a simplex.

Main results

Let us begin by introducing the Palm distribution of the typical m-simplex Ay =
{Po,...,Pn} € G in the ADRCM for m > 0. Let N, denote the space of locally
finite point sets on R x (0,1], let C,, denote the set of distinct (m + 1)-tuples of
points in R x (0,1], and let f: C» X Njge — [0, 00) be a measurable function that is
symmetric in the first m + 1 arguments. Furthermore, we denote the lowest-mark
vertex of a simplex A,, by ¢(A,,). Then, the expectation of the function f of the
typical m-simplex Ay, is given by

E[f(A5 P = B[ Y 1{e(a) € [0} F(A - o). P e(a))].
™M AETm(P)

where A, > 0 is the simplex density and 7, (P) is the set of m-simplices in G. Note that
the sum is taken over all m-simplices whose lowest-mark vertex is in the interval [0, 1].
In our paper, we show that the above expectation exists and the m-simplex intensity
is finite.

In our first result, we examine the higher-order degree distribution of the ADRCM,
which describes the adjacency structure of simplices in higher dimensions. Let us
consider an m-simplex A,, C G. The higher-order m/-degree of the simplex A,, is
defined as the number of m/-simplices that contain A,,:

deg,, (Am) =|{c € G: 0 D A, |o] =m/ + 1}

The standard vertex degree corresponds to the case m = 0 and m’ =1, i.e., deg;(p)
denotes the number of edges incident to the vertex p € G. The case m =1, m’ =2
corresponds to the edge-degree, i.e., the number of triangles incident to an edge in the
graph. The edge degree and the triangles formed in the network are of high interest,
since they are related to the clustering coefficient studied in—among others—van der
Hofstad et al. [103, 104]. Then, the simplex-degree distribution is defined as

A (k) = P(deg, (Ar) = k),

which generalizes the definition of Gracar et al. [40, Proposition 4.1], which considers
ordinary degree distributions for m = 0 and m’ = 1. Our first result indicates that the
higher-order degree distribution of the ADRCM follows a power law.

Theorem B.2.1 (Power law for the typical simplex degree). Let v € (0,1) and
m’ >m > 0. Then,

lin Log(dy o (K))/ Jog(k) = m — (m + 1)/,
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Note that the left-hand side of the above equation is the power-law exponent of the
higher-order degree distribution. Furthermore, note that the right-hand side does not
depend on the dimension m/, which might be surprising at first, and will be explained
in Section B.1.

Next, we study the asymptotic behavior of the Betti numbers of the clique com-
plex G(P N [0,n]). In our second main result, we show that the distribution of the
appropriately scaled ¢th Betti number 3, , of G(P N[0, n]) is asymptotically normal.

Theorem B.2.2 (CLT for the Betti numbers). Let ¢ > 0 and v € (0,1/4). Then,
2By — ElBng]) converges in distribution to a normal distribution.

Our proof requires the constraint v < 1/4 since it guarantees a finite fourth moment
of the degree distribution. On the other hand, in the paper we also conjectured that
Theorem B.2.2 holds for v < 1/2, i.e., if the variance of the degree distribution is finite.
We note that in the work by Pabst [82], the positivity of the limiting variance was also
established; moreover, the convergence in distribution holds even with normalization
by the standard deviation. If v > 1/2, the model generates long edges, which makes
the variance of the degree distribution infinite. Then, the asymptotic normality of
the Betti numbers breaks, and we expect that the limiting distribution is stable. The
above conjectures are supported by our numerical simulation study, which we present
later in this section.

Next, we define the edge count S,, as the number of edges in the clique complex

G(PNI0,n)):
Sn = {(y,v) = (,u): (y,v), (z,u) € P,z € [0,n]}],

where the notation y — = means that the edge from (y,v) to (z,u) is formed in the
ADRCM with u < v. For the edge count S,,, we have the following two results.

Theorem B.2.3 (CLT for the edge count). Let v < 1/2. Then, the quantity
Var(S,)~1/2(S,, — E[Sy]) converges in distribution to a standard normal distribution.

Theorem B.2.4 (Stable limit law for the edge count). Let v € (1/2,1). Then,
n=7(S, — E[Sy]) converges in distribution to S,-1, where S -1 is a v~ -stable distri-
bution.

Note that if v < 1/2, the variance of the degree distribution is finite. In this regime,
the limiting edge count distribution is normal. On the other hand, if v > 1/2, the
degree distribution is heavy-tailed, and, in the appropriate sense, the probability of
long edges is not negligible. In this regime, the distribution of the edge count S,
converges to a stable distribution as the size n of the observation window grows.
Theorem B.2.1 determines the power-law exponent of the higher-order degree
distribution of the ADRCM in terms of the parameter +, which means that the power-
law exponents of the degree distributions for various dimensions are not independent.
However, as we see in Section B.8, we need a more flexible model to fit it to real-world
datasets, in which the tail indices of the higher-order degree distributions do not
have such a strong dependence. Thus, we define the thinned age-dependent random
connection model (TADRCM). In this modification, we remove edges so that the tail
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index of the vertex-degree distribution decreases, but the power-law exponent of the
edge-degree distribution d; o describing the distribution of the number of triangles
adjacent to an edge is not affected. This allows for the TADRCM model to be fitted
to the edge and vertex degrees independently.

While we show that our theoretical results hold for infinitely large networks in the
limit, in Section B.7, we conduct a numerical simulation study to verify the theorems
for finite settings. Apart from simulating finite networks, we also simulate the Palm
distribution of the typical m-simplex A’ in the ADRCM, eliminating the finite-size
effects. We use the software described in Section 4 to simulate the ADRCM.

Simulating several finite networks of various sizes, we find that for large enough
networks of size ~ 10°, the fitted power-law exponents of the higher-order degree
distributions are close to their theoretical values predicted by Theorem B.2.1.

Next, we use Q-Q plots to compare the edge count distributions for different ~
parameters with normal and stable distributions. We find that our simulations are in
alignment with Theorems B.2.3 and B.2.4. In particular, the heavy-tailed behavior is
prominent in the case when v > 1/2.

Finally, we conduct a similar study for the first Betti numbers. Our Q-Q plots
support our conjecture that Betti numbers follow a normal distribution as well in
the domain v € (0,1/2) and a stable distribution if v € (1/2,1). This is supposedly
because the edge degree distribution has infinite variance if v > 1/2.

After the simulation study, we conduct hypothesis tests on the collaboration network
of arXiv, including documents published in four different scientific fields: computer
science, electrical engineering, mathematics, and statistics. To build a simplicial
complex from these datasets, we represent authors as vertices, and we establish a
higher-order connection for a set of authors whenever there is at least one common
publication they published together.

We then conduct hypothesis tests using triangle counts and Betti numbers. The
model-generated networks exhibit significantly higher triangle counts and fewer loops
compared to the empirical datasets. We believe that this can be partially explained
by the specific form of the profile function we use, which leads to vertices connecting
to all other vertices in their neighborhood. This leads to a tree-like structure of the
ADRCM, which is also supported by our simulation study. Thus, in a future work, it
would be worthwhile to study the ADRCM with a more flexible profile function as well.
While we conjecture that most parts of the proofs could be adapted to more general
profile functions with bounded support, some proofs, e.g., the proof of Equation B.6,
would break down if the profile function has unbounded support. This is because, in
this case, the common neighborhood of two vertices conditioned on their marks cannot
be easily controlled. Furthermore, if the profile function does not converge to 0 fast
enough, the weak stabilization part of the Betti number proof may break down.

Methodology

Now, we turn our attention to the proof ideas of the main results of Paper B.

First, we need to show that the Palm distribution of the typical m-simplex A} is
well-defined and the m-simplex intensity A, is finite. To do this, we write A, in terms
of an integral of the indicator function of the event that the vertices of the typical
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simplex Ay form an m-simplex. Then, ordering the vertices of A}, according to their
marks, we apply an iterative approach to calculate the integral.

To prove Theorem B.2.1, we show a lower bound and an upper bound for the
higher-order degree distribution d,;, ,,v (k). The key tool to derive these bounds is the
Palm representation of the typical m-simplex A7 . For the lower bound, we restrict
the domain of the points of the typical m-simplex A¥ to a rectangle By C R x (0, 1]
in which it is certain that the m + 1 points of the simplex are connected. Then, we
show that the probability of A¥ having at least k neighboring m/-simplices is bounded
away from 0. For the upper bound, we follow two steps.

(1) First, we reduce the problem to the case when m’ =m + 1.

(2) Then, we show the upper bound for m’ = m + 1 using Poisson concentration
and by bounding the common neighborhood of the m + 1 points of the typical
simplex AY,.

The first step is based on the following observation. Consider the oldest vertex (0, u)
of the typical m-simplex A’ | and suppose a younger neighbor of (0, ) is the youngest
vertex of some of the neighboring m/-simplices. The number of these neighboring
m/-simplices is bounded by the maximum out-degree of the youngest vertex raised
to the power m’ — m. Then, multiplying this number by the number of younger
neighbors of (0,u), we get an upper bound for the number of m/-simplices containing
the vertex (0, u). Given the mark u, the degree of the vertex (0, u) is Poisson distributed
with fast decaying tail probabilities.

To prove Theorem B.2.2, we adapt a general CLT result for stabilizing Poisson
functionals [89, Theorem 3.1]. We begin by introducing the add-one cost operator
0(p,u) == B(eU{(0,u)}) — B(¢), where 8 is the Betti number, and ¢ € N is a
locally finite point set. To apply [89, Theorem 3.1], we verify the following conditions,
conceptually similarly to [48, Theorem 5.2].

(1) Moment condition: it holds that sup,,~; E[§(P,, U)*] < co.

(2) Weak stabilization: it holds that 6(P N Wy, U) converges almost surely to a
finite limit as n — oo, where W,, = [-n/2,n/2] x (0, 1].

To verify the moment condition, we show that the add-one cost operator § is bounded
by the number of ¢- and (g + 1)-simplices containing the new point. This is the step
which introduces the constraint v < 1/4 in Theorem B.2.2. The weak stabilization
condition requires that the change in the Betti number caused by adding a new point
becomes constant as the observation window grows. We analyze the changes in the
cycle space and boundary space separately, which define the Betti number. We first
show that the number of new cycles or boundaries created by the new point is bounded.
Then, we show that the increment of the Betti number is monotonic in the observation
window size.

In the proofs of Theorems B.2.3 and B.2.4, we write the edge count as a sum of
in-degrees of vertices in a window of size n as follows:

n

Sp=> Ti=> > Din(P)),
i=1

i=1 P;eli—1,i]x(0,1]

21



Introduction

where Dj,(P) denotes the in-degree of the point P € P. For Theorem B.2.3, we apply
a CLT for associated random variables [107, Theorem 4.4.3]. Let us first recall the
definition of associated random variables.

Definition 3.4 (Associated random variables). The sequence {T}}ieq1,..n} 5 associated

if and only if for any fi, fa: R¥ — R coordinatewise nondecreasing functions with
E[fl,Z(Tla ... 7Tk)2] < o0,

Cov(fl(Tla s 7Tk)7f2(T1> s 7Tk)) 2 0.

To apply [107, Theorem 4.4.3], we need to show that the random variables {T;} are
associated and that the sum of the covariances >, Cov(T1,T)) < oo is finite. To
show Theorem B.2.4, we apply [107, Theorem 4.5.2], which states the following.

Theorem 3.5 (a-stable convergence). Let {X;}; be i.i.d. nonnegative random variables
such that P(X; > ) ~ Az~ for some a € (1,2) and A > 0. Then, n= (X", X; —
nE[X1]) converges in distribution to an a-stable random variable S, .

The main challenge in applying the above theorem is controlling the spatial
correlations of the vertex degrees. First, we decompose the edge count by writing S,, =
SZ+ S5, where S and S5 denote the sum of the in-degrees of low-mark and high-mark
vertices, respectively. After showing that S2 converges to 0 in probability after rescaling,
we approximate S5 as a sum of i.i.d. random variables with a distribution having
power-law tails. Then, [107, Theorem 4.5.2] concludes the proof of Theorem B.2.4.

3.3 Paper C

With my coauthors, Christian Hirsch, Moritz Otto, and Morten Brun, in Paper C, we
examine a weighted random connection model that describes hypergraphs.

Motivation

While the higher-order networks generated by the age-dependent random connection
model (see Paper B) possess many of the characteristics of real-world networks, it does
not capture the strength of the interactions of a group of vertices. For instance, in
a scientific collaboration network, the age-dependent random connection model only
indicates whether a set of authors collaborated. Still, it does not provide information
about the number of papers they published.

To address this limitation, we introduce a random connection hypergraph model
(RCHM). Our model represents a hypergraph as a bipartite graph, where one vertex set
corresponds to nodes of the hypergraph. In contrast, the second vertex set corresponds
to the interactions, or hyperedges, connecting the points in the first vertex set. Then,
if a network node is connected to an interaction, it indicates that the node is part of
that hyperedge.

22



3. Research questions and methods

Model

Similarly to Paper B, we consider the space S := R x (0, 1], in which R represents the
spatial location and (0, 1] the marks. Then, two points (z,u), (z,w) € S are connected
if

|z — 2| < Bu w7, (1)
where v,v" € (0,1) and 8 > 0 are parameters of the model. Note that the connection
condition is similar to the one in Paper B, but now the condition does not distinguish
which of the marks u and w is smaller. The neighborhood of a point (z,u) € S is
defined as

B((w,u), B) = {(z,w) €S: v — 2 < fu=w™"},

and for A C S, the joint neighborhood of the points in A is defined as the intersection
of the individual neighborhoods B(A, §) := ,ea B(p, 3) as the joint neighborhood of
the points in A.

To define the hypergraph, let P, P’ be two independent Poisson point processes
on S with intensity measures A| - |, X'| - |, respectively, where X\, \ > 0, and |- | denotes
Lebesgue measure on S. In this model, the points in P represent the vertices of the
hypergraph, whereas the points in P’ represent the hyperedges. Then, we denote by
GPP .= GPP(P P’} the bipartite graph with vertex set P UP’. A connection between
two points p € P and p’ € P’ is formed if and only if p and p’ fulfill the connection
condition (1).

The random connection hypergraph model (RCHM) GMWP := G"P(P,P’) is defined
from the bipartite graph GPP using the notion of Dowker complex [18]. The set of
hyperedges ¥, consisting of m 4+ 1 P-points is defined as the family of those sets of
points A, C P such that their common neighborhood in P’ is nonempty:

Sm = {Am CP: #(Am) =m+1,P'(B(An, §)) > 1},

where #(-) denotes the cardinality.

A figure illustrating the RCHM is provided in Figure 7.

Note that the hypergraphs generated by the RCHM are simplicial complexes,
since by definition, if A,, € %,, then P'(B(A,,3)) > 1, and thus for A, C A,
with m’ < m, then P'(B(A,v,[)) =1 as well.

The center ¢(A,,) of an m-simplex A,, € ¥, is defined as the point in A,, with
the lowest mark. Note that almost surely, there is a unique point in A, with the
lowest mark, since the marks are sampled from a continuous distribution.

Main results

Throughout the presentation of the results, we write p,, = (p1,...,pm) € S for
an m-tuple of points. Furthermore, we introduce p,,(u) = ((0,u),p1,...,Pm) €
(0,(0,1]) x S™ for v € (0,1] and ?m(u) = {(0,u),p1,...,pm} for the tuple and
corresponding set, respectively.

As in Paper B, we begin by showing that the intensity A, of m-simplices in the
RCHM is finite if 4/ < 1/(m + 1), which is required to define the Palm distribution of
the typical m-simplex A} . Then, the distribution of the typical m-simplex is defined
in the following proposition.
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mark
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hyperedges
(P’-points)
/,\\ bipartite graph
/// Vo N connections
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Figure 7: Illustration of the random connection hypergraph model (RCHM).
Vertices (black dots) are scattered in space with random marks (vertical axis).
Hyperedges (gray shaded areas) are formed between sets of vertices whenever
the vertices have a common hyperedge (red dots) they are connected to. The
connections can be represented as a bipartite graph (red dashed lines) between
vertices and hyperedges.

Proposition C.2.2 (Distribution of the typical m-simplex). Let m > 0, v < 1,
v < 1/(m + 1), and let f: (R x (0,1])™" x Njpe x Nioe — Ry be an arbitrary
nonnegative measurable functional depending on an m-simplex as well as on the point
processes P and P’. Then,

E[f(A%L. P, P)]
)\m-i—l

= o /(me E[f(B (), P U Bo(w),P') LB () € ] A, pry).

Here, if ?m(u) does not consist of precisely m+1 elements, then we let f(?m(u), PU

?m(u),P’) = 0.

After establishing the distribution of the typical m-simplex, we examine the higher-
order degree distribution of the RCHM, which we define as follows. The higher-order
degree of an m-simplex A,, is the number of P’-points to which all points in A,,
are connected, i.e., deg(A) := P'(B(A, 3)). Our first result is that the higher-order
degrees of the RCHM are scale-free, i.e., they have a power-law tail.

Theorem C.2.3 (Scale-freeness of higher-order degrees). Let m >0, v < 1, 7/ <
1/(m+1). Then,

log(P(deg(Af) > K)  m+1
lim =m- —-.
koo log(k) 0
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Our next result corresponds to Theorem B.2.2 in Paper B, and it shows that
if v < 1/4, the Betti numbers of the RCHM are asymptotically normal as the size n of
the observation window S,, := [0,n] x (0, 1] increases.

Theorem C.2.4 (Asymptotic normality of Betti numbers). Let ﬁ,(,?) denote the mth
Betti number of G™P(P NS, P' NS,) withm = 0. If y < 1/4 and v < 1/(4(m + 2)),
then, in distribution,

”_1/2(57(#) - E[ﬂg)]) 4, (0,02) for some o > 0,

ntoo

where N'(0,02) denotes the normal distribution with mean 0 and variance o2.

Note that if m = 0, the constraint v < 1/4 is almost equivalent to the condition
that the degree distribution has a finite fourth moment. As it will be seen from our
simulation study, consistently with the results presented in Paper B, the asymptotic
normality of the Betti numbers breaks down for v > 1/2. This is expected since in
this case, the degree distribution has an infinite variance, and heavy-weight nodes
connecting to many other vertices fill many of the loops. As for Paper B, the positivity
of the limiting variance was also established by Pabst [82], and therefore the convergence
in distribution holds also with the normalization by Var(3(")/2.

Next, we state limit laws for the edge count of the RCHM, defined as

Sy = Zdeg(Pi),
P,ePnNS,,

where deg(P;) denotes the degree of a point P; in the bipartite graph GPP.

Theorem C.2.5 (Normal and stable limits of edge counts). Let v < 1/3. Then, the
following distributional limits hold as n — oo.

d
(a) Let v € (0,1/2). Then, n~'/2(S, — E[S,]) powy N(0,02) for some o > 0.
d
b) Let v € (1/2,1). Then, n=7(S, — E[S,]) — S.-1, where S,-1 is a vy~ '-stable
ntoo ol 0l
random variable.

Finally, we define the m-simplex count Sy, = #{An € Tt ¢(Ay,) € [0,n]} as
the number of m-simplices centered in the observation window S,. Then, we show
that the m-simplex count Sy, ,, has a normal limit law for v < 1/2 and a stable limit
law for v € (1/2,1).

Theorem C.2.6 (Normal and stable limits of simplex counts). Let v/ < 1/(2m + 1).
Then, the following distributional limits hold as n — oo.

d
(a) Let v € (0,1/2). Then, n=/%(Spm — E[Snm]) —— N(0,02,) for some o2, > 0.

ntoo

d
(b) Let v € (1/2,1). Then, n™7(Spm — E[Snm]) prov S,-1, where S,-1 is a v~ -
stable random variable.
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In the model considered in Paper B, the corresponding result was not established.
The reason is that in Paper C, we could use the formula for the total variance to
condition on the point process P’, which is necessary to prove Theorem C.2.6. This
argument could not have been used in Paper B. We note that the proof for the
heavy-tailed case has since been provided by Owada and Hirsch [80, Theorem 3.5].

To show that our conjectures and the results proved in the large network limit n —
oo hold for finite networks, we conducted a simulation study using a Monte Carlo
approach. Using the computational framework introduced in Section 4, we generate
several higher-order networks and examine their properties.

We find that the degree distribution of the RCHM is scale-free, and the fitted
power-law exponents become closer to the theoretical value if the size of the network
exceeds ~ 10° P- and P’-vertices. This value is comparable to the size of many
real-world networks, such as the collaboration network of scientific authors.

Next, we examine the distribution of the first Betti number with different ~,~" pa-
rameters. Consistent with Theorem C.2.4, the Q-Q plots illustrate that the distribution
of the first Betti number is asymptotically normal for v < 1/4 and v < 1/8. Moreover,
we also find that the first Betti number is asymptotically normal for vy € [1/4,1/2)
and 7/ > 1/8. On the other hand, the Betti number distribution has a fat left tail
when v > 1/2; in alignment with our conjecture.

Finally, we examine the edge and triangle counts in the network. We found that
the edge counts are normally distributed if v < 1/2 and 7' < 1/3, and otherwise, they
have a stable distribution. For the triangle counts, we observe a normal distribution
for v < 1/2 and 7/ < 1/5, and a stable distribution for v > 1/2 and 7/ < 1/5. We also
conjecture that the triangle counts follow a stable distribution if 4/ > 1/5.

To investigate the applicability of our results to real-world data, we conduct
hypothesis tests on the arXiv dataset [1], which contains the metadata of scientific
papers published on the arXiv platform. In the dataset, we represent the authors as
P-vertices and the papers as P’-vertices. Then, we analyze the collaboration network
of four scientific fields: computer science, electrical engineering and systems science,
mathematics, and statistics.

Examining the degree distributions, we found that they are heavy-tailed. Using the
fitted power-law exponents, we fit the model parameters v and +’ using Theorem C.2.3.
Then, the network size is fitted so that we compensate for the lack of isolated P-
and P’-vertices in the dataset.

After the model parameters are fitted, hypothesis tests for the Betti numbers, edge
counts, and triangle counts become available. The datasets are characterized by a
much larger Betti number than the simulated networks, and the hypothesis tests for
the Betti numbers are rejected. The reason is the same as for Paper B: networks
generated by the RCHM are dominated by a couple of very high-degree P-vertices that
leads to a tree-like network topology with a few loops. For the edge and triangle counts,
the results show that the datasets are more complex than the networks generated by
the RCHM.
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Methodology

To prove Proposition C.2.2, we examine the common neighborhood of the points in
the typical simplex A} . Then, employing Markov’s inequality, the Mecke formula,
and Fubini’s theorem we conclude that the m-simplex intensity A\,, < oo is finite
if v/ < 1/(m +1).

The proof of Theorem C.2.3 follows two steps, namely, we show an upper bound
and a lower bound for the degree distributions. For the upper bound, we write the
probability P(deg(A¥,) > k) as an integral, and then we use a Poisson concentration
inequality for the number of P’-vertices in the common neighborhood of the points
in A . Next, we show an upper bound for the case when m = 0, and then we
extend this result by bounding the common neighborhood of the points in A}, by
the pairwise intersections of the individual neighborhoods. For the lower bound, we
define two rectangles in S as a function of the degree k such that if a pair of P- and
a P’-vertex are in these rectangles, they are surely connected. Lower bounding the
integral representation of the probability P(deg(AY,) > k) by the integral over the
rectangles yields a lower bound for the degree distribution.

The proof of Theorem C.2.4 is similar to the proof of Theorem B.2.2 in Paper B. We
use again the CLT for Poisson functionals [89, Theorem 3.1] by examining the add-one
cost operator for the mth Betti number in the observation window S,,. In this case,
however, the add-one cost operator is more complex than in Paper B, since we need to
consider the changes for both the cases of added P- and P’-vertex. More precisely, let
us denote by S(P,P’) := Bnm(P,P’) the mth Betti number of the simplicial complex
GMYP(PNS,, P'NS,). We introduce two special points o := (0, U), o’ := (0, W) as P- and
P'-vertices with marks U, W, respectively, we let GIP .= G™P((PU{o}) NSy, P'NSy)
and Gzyg, (PNS,, (PU{d})NS,) be the simplicial complexes in the observation
window S,, with the additional P-vertex o and P’-vertex o/, respectively. Then, the
add-one cost operators for the Betti number are defined by

5(GNYP,0) == B(GNP) — B(GNYP)
S(GMYP o)) = B(GMP) — B(GMYP).

n,o’

We then verify the two conditions of [89, Theorem 3.1] for the add-one cost operators
§(GMYP o) and 6(GYP, o'):

+ moment condition: sup,., E[§(GI¥P,0)] < co and
SUP,>1 E[§(G"YP o)} < o0

« weak stabilization: lim,1o §(GMP,0) < 00 and limye §(GIYP, 0') < 0.

For the moment condition, we bound the add-one cost operator §(GMP, o’) by the degree
of the added P’-vertex, and then calculate the corresponding expectation. We apply a
similar train of thought for §(GMP, 0). For the weak stabilization condition, we analyze
the changes in the cycle space and boundary space of the simplicial complex GhYP
caused by adding o and ¢’. Similarly to Paper B, we show that the number of new
cycles or boundaries created by the new point is bounded. Then, we show that the
change of the Betti number is monotone increasing as n — oo, which implies that the
limit exists.
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To show Theorem C.2.5 (a), we apply the CLT by Whitt [107, Theorem 4.4.3] for
stationary sequences of associated random variables T := T3, T5, ..., which requires
that 3 ;- Cov(T1,T}) < oo. Following the ideas in Paper B, we write the edge

count S,, as
n

=Y T;=> >  deg(P),
=1

i=1 P;ei—1,i]x(0,1]
where deg(P;) denotes the degree of the point P; in the bipartite graph GPP. Then we
show that the covariance Cov (T}, T}) is finite for k > 1. To show Theorem C.2.5 (b),
we use Theorem 3.5 stated in subsection 3.2. First we decompose S, into a sum of
degrees belonging to the P-vertices with marks larger than w, := n~2/3 and those with
marks smaller than wu,,:
S, =87 +85 = Z deg(P) + Z deg(P),
PEPﬂSn’>un PePﬂSn,gun

where S;, >, = [0,n] X [u,1] and S, <, == [0,n] x (0,u]. Using Chebychev’s inequality
and then bounding the variance, we show that n=7(S7 — E[S7]) converges to 0 in
probability as n — co. Then, we set u(u) := E[deg(0, u)],

S = Z w(U), and 52— Z w(U;) 1{U; < up},

(X,U)eEPNSh, <up, i<[An]
where {U;} are i.i.d. uniformly distributed random variables on (0,1]. Then, we
show that E[|SS — S(V|] + E[|S() — S@)|] € o(n?), and finally the application of
[107, Theorem 4.5.2] leads to the conclusion that n=7(S? — E[S{?]) converges in
distribution to a stable random variable.
To show Theorem C.2.6, we write the m-simplex count S, ,, as

Y. dw(P)
PcPNSy

where

dpm(p) = — > P NnB({p,Pi,...,P,}) # 2}
’ (Pl,...,Pm)G(PﬂS>u);”

for the number of m-simplices containing p. For the proof of Theorem C.2.6 (a), we
apply the CLT by Whitt [107, Theorem 4.4.3] once more, extending the result of
Theorem C.2.5 (a). Finally, we show Theorem C.2.6 (b) similarly to Theorem C.2.5 (b).
We choose u,, = n~%, where b € (2/3,1), and decompose S, , as

S =Spm+Ssm= >,  dn(@)+ Y. dn(P).
P¢€7’ﬂSn,;un Piepmgn,gun
The first step is showing that the simplex count corresponding to the high-mark
vertices is negligible, i.e., n=7(S7,, — E[S> ]) converges to 0 in probability. Defining
S1(11,1)n = Z pm(U), ) = Z pom (U, ]l{U un}
(X, U)ePNSn i<[An]

with pim, (u) == E[d;, (0, )] and {U;} i.i.d. uniform random variables on (0, 1], we prove
that E[|S5,, — S{1 +E[ISE), 1) - Sﬁf)nﬂ € o(n?), and we finish the proof the same way
as in Theorem C.2.5 (b).
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3.4 Paper D

In Paper D, in a joint work with Christian Hirsch and Benedikt Jahnel, we study
functional limit theorems in dynamic random connection hypergraphs.

Motivation

Although the models we studied in previous papers describe networks from a static
perspective, real-world networks are dynamic and evolve over time. To understand
the dynamics of complex random systems, we have to examine the temporal evolution
of the system. Thus, establishing functional limit theorems in a random connection
model helps to understand the interdependence of the spatial distribution and network
dynamics of these systems.

In this paper, we equip the random connection hypergraph model (RCHM) from
Paper C with birth-death type dynamics. Then, we prove two functional limit theorems
for the edge count of this model. In particular, we derive a functional normal limit
theorem and a functional stable limit theorem for the edge count of the bipartite
graph.

Model

We begin by defining the dynamic random connection hypergraph model (DRCHM)
from the random connection hypergraph model introduced in Paper C as follows.

Let us consider two spaces SxT := (Rx(0,1]) x (RxR4) and SxR := (Rx (0, 1]) xR.
Furthermore two independent vertices p := (z,u,b,¢) € SxT and p’ == (z,w,r) € SXR
are characterized by their coordinates as follows:

e The positions x,z € R and the weights u, w have similar roles to the coordinates
in RCHM.

e The birth time b € R and the lifetime ¢ € Ry of the vertex p govern the temporal
dynamics of the vertex p, while vertex p’ representing interactions is assigned a
single time instant r € R.

Then, a pair of vertices p := (z,u,b,f) € SxT and p’ = (z,w,r) € Sx R are connected
if the following two connection conditions hold:

|x — z| < ﬁufvw*y and b<r<b+1{4,

where the model parameters 5 > 0 and ~,~" € (0,1) governing the first connection
condition have similar roles to the parameters in RCHM. Loosely speaking, the two
conditions mean that the vertices p and p’ are connected if

o spatial condition: their distance is small relative to the product of their weights
raised to the power v and +/, and

o temporal condition: the time r of the vertex p’ falls into the time interval
[b, b+ (] assigned to the vertex p.
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position

time

Figure D.2: The horizontal axis represents the time, and the vertical axis
represents the position. P-vertices are represented by intervals of different lengths
and widths, where the width of the interval corresponds to the weight of the
vertex. P’-vertices are represented by points, and the size of the point corresponds
to the weight of the vertex. Vertical lines mark if a pair of P- and P’-vertices is
connected.

To visualize the model, we include Figure D.2 from Paper D below.

Then, we define two independent Poisson point processes P and P’ on the spaces S x
T and S x R, respectively. The coordinates of the points in P and P’ are denoted
by P:= (X,U,B,L) € P and P’ := (Z,W,R) € P’'. The intensity measure of the
Poisson point process P is u(dp) = p(dx,du,db,dl) = d(x,u,b) Pr(dl¢), which is
the Lebesgue measure for the position, weight and birth time components, and the
distribution P;, of the lifetime of the P-points is characterized by the exponential
measure with parameter 1. Furthermore, the point process P’ has Lebesgue intensity
measure d(z,w, ).

Main results

To state our main results, we first define the neighborhood N (p;t) of a point p € S x T
as the domain in S x R in which P’-points connect to p up to time t.

N(pit) == {(z,w,r) €S xR: |z — 2| < fuYw ™", b<r <t < b+ L}

Note that the neighborhood N(p;t) is empty if the point p is not alive at time ¢, i.e.,
if t ¢ [b,b+ ¢]. Using the definition of the neighborhood, we define the degree deg(p;t)
of point p at time ¢ as the number of P’-points in the neighborhood N (p;t):

deg(p;t) = ) I{P'e N(p;t)}.
P'epP’

Then, the edge count and the normalized edge count are defined by the sum of the
degrees of the points in the spatial window [0, n]:

Sa(+)= > deg(P;-) and  Su(+)=n"Y2(Su() —E[Su(-)]),
PePN(S, xT)
where S, := [0,n] x (0, 1] is the observation window. The main results of this paper

are two functional limit theorems for the edge count S, (+) when the size n of the
observation window grows.
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First, we state a univariate normal limit for the edge count S, (t) at a fixed time
point ¢.

Proposition D.2.1 (Univariate normal limit of edge count). Let v,y < 1/2. Then,
for allt € R, the normalized edge count S, (t) converges weakly to a normal distribution,
as n — 0.

The limiting covariance function of S,,(¢) in the thin-tailed case is given by

Proposition D.2.2 (Limiting covariance function of S,). Let v,y < 1/2. Then, for
all t1 < tg, the limiting covariance function of the edge count S, is given by

lim Cov(Sa(t1), Snlt2)) = (1 + 3+ a2+t — tr))e” 271,

_ 28 — (28)* — (28)*
where c1 = gy €2 = W=y 4B = gt
The limiting covariance function describes a continuous-time AR(2) process, and it
has the form of a Matérn covariance function with appropriate parameters.
Next, we show a multivariate normal limit for the edge counts Sy, (¢1),. .., Sn(tk)
at k fixed time points tq, ..., tx.

Proposition D.2.3 (Multivariate normal limit of the edge count). Let v < 1/2
and ~' < 1/3. Then, for all k € Z+ and t1,...,tx € R, the vector of normalized edge

counts (Sn(t1),...,Sn(ty)) converges weakly to a multivariate normal distribution,
asmn — oo.

Our first functional limit theorem for the edge count S, (-) is stated as follows.

Theorem D.2.4 (Functional normal limit of edge count). Let v,~" < 1/4, and let
X ={X(t): t = 0} denote a Gaussian process with a covariance function specified in
Proposition D.2.2. Then,

Snl(+) =2 X(-)

ntoo

in the Skorokhod space D([0,1],R).

We also conjecture that Theorem D.2.4 could be proved for the larger domain v €
(0,1/2) as well.

As in the model from Paper C, the variance of the univariate distribution of the
edge count S, (t) diverges as n — oo if ¥ > 1/2. Thus, if v > 1/2, we redefine S, ()
as follows:

Sn(+)=n"7(Sn(+) = E[Sn(-)]).

Even though we use the same symbol S, (-) for two different scalings of the edge
count S, (), since they are used in different contexts, it is always clear which scaling
we refer to.
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Before stating our second functional limit theorem, we need to define further
concepts. Let v be the measure on J := [0,00) defined by v([g,0)) = ((25)/(1 —
o ))1/ 7e=Y7 and let Pu denote the Poisson point process on J x T with intensity
measure v ® Leb ® Pr. In Py, the component J is related to the limiting scaled size
of the spatial neighborhoods of the points in P. We also define the edge counts

Si()= Y J(--BUJzE{B< - <B+L)
(J,B,L)ePx

So(+) = SI(+) —E[S:(+)],

where ¢ = 23/(1—~) and E[S*(-)] = ¢'/7%e~(1/7=1D /(1—~). Note that S*(t) aggregates
the contributions from all points in the Poisson process P, whose spatial neighborhoods
are sufficiently large and that are alive at time t. Each such point contributes to the
sum by the scaled size J of its spatial neighborhood multiplied by the length of time
it is alive at time ¢t. With these definitions at hand, the functional limit theorem for
the edge counts when v > 1/2 is as follows.

Theorem D.2.6 (Functional stable limit of edge count). Lety > 1/2 and v < 1/4.
Then, the limit S(+) = lim.yo SZ(+) ewists in the Skorokhod space D([0,1],R), and

the centered edge-count process Sy(+) converges weakly to the process S(-) in the
Skorokhod space D([0, 1], R).

Note that the limiting process S(-) is not a Lévy process, and it is not even
Markov. This is so because the edge count S,(t) and its limit does not contain all
the information necessary to predict the process. If a single vertex with many edges
dies, all its edges disappear simultaneously. On the other hand, if there are many
vertices with a few edges each, the edge count may be identical to the earlier case, but
edges will not disappear at once. Similarly, one can argue that the increments of the
process S( ) are not independent.

Methodology

In this section, we present the main proof techniques used in the proofs. The content
of this section is a summary of Sections D.3-D.11 in Paper D, where the proof outlines
are given in more detail.

For some Borel sets X',U, B, D C R, we introduce the notations

Sy ={(zu)eS:zex}, ¥ ={(zn)eS:u ecU}, % =SynsY,
Tg = {(b,)€T:bcB}, TP ={(bL)cT:b+LcD}, TE:=TsnNT>,

and employ the shorthand notations for Tgfl = ']I'Etf 7@2‘:21}, ’]I'[éﬁt?] = ']I'Etjgg} 1
T{2:2),)-
—OO,tz]
The univariate normal limit CLT stated in Proposition D.2.1 is presented using

the same idea as in the proof of the CLT for the edge count in RCHM from Papers B
and C. Namely, we apply the CLT by Whitt [107, Theorem 4.4.3] for associated random
variables to show that the edge count converges to a Gaussian distribution. First, we
show that the mean and the variance of the edge count converge to finite values. Then,
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we partition the spatial component of the domain S,, X T to intervals of length one
and define a sequence of associated random variables {T;} by setting

T, = > deg(P;t)  Sp=> T

PGPH(S[l,LZ]XT) =1

Showing that } -, Cov(T1,T) < oo, the application of the CLT for associated random
variables concludes the proof.

To show Proposition D.2.2, we decompose the edge counts S,(t1) and Sy, (t2)
for t; < ty into three parts

SA(ty, ty) = > deg(P;t1)
PEPA(Snx Ttgj)
SB(ty,ty) = > deg(P;ty)
PEPN(SnxTEL2)
SE(ty,ta) = > > 1{P' € N(P;t)} 1{t1 < R},

to< / ’
PGPO(SnX’H‘gtz) Pep

which are visualized in Figure D.3, also included here from the paper for easier reference.
Then, we have the following decomposition:

Sn(t1) = SR(t1,t2) + Sp(ti,t2)  and  Sy(ta) = Sh(ti,t2) + SS (1, t2).

Next, writing the covariance function with the help of the above decomposition, we
compute the limit of each term separately, and sum the results to obtain the limiting
covariance function of Sy, ().

To prove Proposition D.2.3, we would like to apply [97, Theorem 1.1}, which
bounds the d3 distance of the distribution of Poisson functionals and the normal
distribution by the sum of three error terms E(n), E2(n), E5(n). Then, to show that

b o o b+/¢
A . O
-
b b+ /¢
O O
B 9
T
b . b+t
C Onmmmmmmmmmmm e Re!
T
t1 to R

Figure D.3: Decomposition of the covariance function. The intervals for the
birth time b, the death time b + ¢ and the interaction time r are shown in the
three cases.
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the finite-dimensional distribution of the edge count converges to a multivariate normal
distribution, we need to show that these error terms converge to 0 in probability
as n — oo. This, however, can only be shown for v < 1/3 for the error term E3(n).
To enlarge the range of v to v < 1/2, we apply a low-mark / high-mark decomposition
Sn(+) =S5 (+)+ S5(+) with

Sg()= >  deg(P;-) and  Sp(-)= Y  deg(P;-),

PEPN(SE™S xT) PEPA(SSUn xT)
where u, = n"2/% is a mark that depends on the window size n. We apply a two-step
strategy: first, we show that the low-mark edge count is negligible, and then we employ
[97, Theorem 1.1] to the high-mark edge count SZ (). To apply [97, Theorem 1.1], we
first need to show that the covariance function of the centered and scaled high-mark
edge count S- converges. Then, we prove that the error terms FEj(n), Ea(n), E3(n)
converge to 0 in probability as n — oo whenever v < 1/2, which involves bounding
certain expressions of the add-one and add-two cost operators.

To show that Theorem D.2.4 holds, we need to show convergence of the finite-
dimensional distributions of the process and that the process is tight. The tightness
criterion is shown by applying [26, Theorem 2]. Since this theorem requires nonde-
creasing processes, we need to decompose the edge count S, (-) into the difference
S, =S — S, which we call the plus-minus decomposition of the edge count.

To introduce the plus-minus decomposition, we first define the spatial part ps :=
(z,u) and the temporal part p; == (b,¢) of a point p = (z,u,b,f) € S x T, and we
denote by p. = (z,w) the spatial part of a point p' := (z,w,r) € S x R. Then, we
define the spatial and temporal neighborhoods of a point p € S x T as follows:

No(ps) = {(z,w) € S: |z — 2| < fuTw™'}
Ni(pe,t) ={reR:b<r<t<b+ 1},

and then N(p;t) = Ns(ps) X Ni(pe;t). The plus and minus neighborhoods of a
point p € S X T are defined as

N7T(p;t) = Ns(ps) x N;"(p;t)  and N~ (p;t) == Ns(ps) x Ny (pg;t),

where
N (put) = 4 P ERIDSTSb4O) Wb+l
e \Pet) = {reR:b<r <t} ifb+/0>t

o [ {reR:b<r<b4L ifbHL<E
M (pt’t)'_{g b+ 0>t

Note that both neighborhoods N*(p;t) and N~ (p;t) are monotone increasing in t.
Also, observe that with

deg®(P;t) == > 1{P' € N*(P;t)} and
P'epP’

deg™ (P;t) = Z 1{P' € N=(P;t)},
P'ep!
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we have that deg(P;t) = deg™ (P;t) — deg™ (P;t). The plus-minus decomposition

S, = S;F — S, of the edge count is then defined as
St(t) = Z deg™ (P;t) and S, (t) = Z deg™ (P;t),
PePN(Sy xTOS) PePN(Sy xTOS)

where TS := TI0%) is the domain for which the death time b + ¢ > 0. Note that the
sums consider only points P € P whose lifetime [B, B + L] intersects the temporal
interval [0, 1].
Then, we apply [26, Theorem 2| for the normalized edge counts
SFi=n 2(8F —E[SF])  and S, =n"Y2(S; — E[S;])

n
separately. We restate the theorem here.

Theorem D.6.2 (Specialized version of Davydov’s theorem). Let a, — 0 be a
sequence of positive numbers converging to 0, and set ty = kay, for k=0,1,... k,
with ky, == |1/an| and ty, 1 = 1. Then, if S;=(+) are nondecreasing processes defined
on the interval [0, 1] such that

(1) the finite-dimensional distributions of the processes Si(+) converge to the finite-
dimensional distribution of a limiting process S (+),

(2) there exist some constants x1,x2 > 1 such that
E[|S5 (1) = 55 ()] € O(|t — 5)

for alln if |t — s| > an, and

(3) for the limit of the expected increments, we have

hm max‘]Ern thy1)] — Egi(tk)]‘ =

ntoo k<k,

then ?Oig( +) is almost surely continuous and the sequence S;-(+) converges in distribu-
tion to S (+).

To show Condition (1) of Theorem D.6.2, we follow the same strategy as in the
proof of Proposition D.2.3. Condition (2) is shown after setting x1 =4, x2 =147
and a, = n~/4" for some n > 0 by bounding the fourth moments of the increments
using cumulants. Finally, Condition (3) is shown by bounding the expected increments
of the edge count S(t).

In the proof of Theorem D.2.6, we need to deal with the infinite-variance regime ~ >
1/2. We make use of the low-mark / high-mark decomposition of the edge count
introduced earlier in the context of Proposition D.2.3, and denote the low-mark edge
count by S(1) := S to ensure consistency with the notation used in the proof of
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Theorem D.2.6. In the heavy-tailed case v > 1/2, we use the scaling n~7 instead
of n~1/2 to normalize the edge counts:

>

8() =07 (87 () — EIST (),
() = (SO () —BISP().

n
We split the proof into two parts. In the first part, we show that the high-mark
edge count is negligible, and in the second part, we show that the low-mark edge count
converges to a stable process.

Step 1. In Step 1, we show that if v > 1/2 and 7/ < 1/4, then SZ(+) — 0 in the
Skorokhod space D([0,1],R) as n — oo.

Step 2. Next, in Step 2, the low-mark edge count Sﬁf) is approximated by Sq(f)
defined by
SP():= > E[deg(Pi+)| P]1{U <un}.
PEPN(SnxT)

Note that the conditional expectation is the size of the neighborhood of the point P,
and the indicator function restricts the points to those with small marks. This
approximation step is done by showing that the supremum norm || - || of the difference
between the two edge counts converges to 0 in probability. Note that the spatial
correlations of the degrees are eliminated in ?%2). The first part of the proof is
concluded here.

For the second part, first recall the definition of the measure v, the Poisson point
process Py, and the edge counts S* and S from Theorem D.2.6. We would like to
show that S(?) converges in distribution to S as n — co. For all n,e > 0, we define

SWA-) = Y. Eldeg(P; )| P]1{U < 1/(en)}.
PePN(SpxT)

We divide the second part of the proof into three steps, which are illustrated in
Figure D.5 taken from the paper. These steps follow [93, Sections 5.5 and 7.2].

Step 3. In Step 3, we show that ?,(132 converges to ?9 with respect to the Skorokhod
distance in the space D([0, 1],R) as € — 0, uniformly for all n. First, we bound the
Skorokhod distance dsix by the supremum metric. Then, we apply again the plus-
minus decomposition to the edge count 57(132 which leads to the sum of a continuous

process Sg’g*, which can be written as a sum of integrals and a martingale S,(f’g_
Then, the edge count of the heaviest vertices approximates the total edge count.

Step 4. In Step 4, we show that the edge count ?ﬁf@ converges in distribution to S*

in D([0,1],R) as n — co. We note that Sﬁ?g and S} are defined on different probability
spaces. First, we show that nP(n™Y|Ns(Ps)| € [+, 00)) converges vaguely to a Lévy
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Figure D.5: Main steps of the second part of the proof of Theorem D.2.6. Step 3
shows that ?;3)8 converges to S(?) as ¢ — 0 uniformly for all n. Step 4 shows
convergence of ?,(13)5 to S* as n — oo. Finally, Step 5 shows that S* converges
to S ase — 0.

measure as n — 00. The contributions n~7(|N(P;t)| — E[|N(P;t)|]) of single points
to the sum S,(f’g(t) are i.i.d. Then,

d
> dwnPBL) e PPP(r@Leb@Pyr),
PEPA(SyxT)

where PPP(rv @ Leb ® Pr) is a Poisson point process on J x T with intensity mea-
sure ¥ ® Leb ® Pr,. Note that vague convergence requires the state space to be
locally compact. On the other hand, since the size of the neighborhood |Ns(F)]| is
unbounded, n~7Y|Ns(Fs)| can become arbitrarily large. Thus, our state space is not
locally compact unless we compactify it at oco. This means that instead of working
on [0,00), we restrict to the domain (0, 00| so that oo becomes a boundary point.
Considering S,,(g’g, the domain of the marks is restricted to [0,1/(en)], and the domain
of the birth and lifetimes are restricted so that the interval [B, B + L] intersects [0, 1].
Then, for a locally finite point set n on J x T, we examine the summation functional

Yo dGen = Y =0 1{izE < - <b+ 4,
(G:b.6)€n (.b.)En

where ¢ > 0 is a constant depending on the model parameters 3,7,v’. The primary
objective of this step is to show that the summation functional is almost surely
continuous with respect to the distribution of the Poisson process Py, in the Skorokhod
metric. Using this partial result, it follows that n*'ySﬁfg( ) — SX(+) in distribution
as n — oo. Finally, we show that the expectation of the edge count S is finite and
given by E[S¥] = ée=(1=7) /(1 — ).

Step 5. In Step 5, we show that S* — S almost surely as ¢ — 0 in D([0,1],R). We
begin by showing almost sure convergence for fixed time points as € — 0. Then, we
show that the convergence is almost surely uniform in the supremum norm on [0, 1].
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First, we prove that the sequence gzn is Cauchy in probability with respect to the
supremum norm, where ¢, — 0 is a decreasing sequence of positive numbers. Finally,
we show that lim.o||S¥ — S| = 0 almost surely, and the limit S is almost surely
in D([0, 1], R).

4 Computational framework

4.1 Introduction

In this section, we introduce the simulation framework that was developed to comple-
ment the theoretical analysis in Papers B and C. The program presented was applied
for various tasks.

o First, it was used as a Monte Carlo simulation tool to show convergence rates
of theorems proved for the large network limit. This was necessary to validate
the application of our theoretical results in real-world scenarios, in which the
network size is finite.

o Using this framework, we verified those conjectures for distributions of topological
quantities that are not proven in the papers.

o Finally, the program was used to analyze and test real-world datasets, including
the estimation of corresponding model parameters, hypothesis testing, and
network plotting.

The source code of the simulation framework is made publicly available in the
GitHub repository [50] to ensure reproducibility and transparency.

4.2 Design, architecture

The simulation framework is designed to handle large-scale networks efficiently, lever-
aging parallel processing capabilities to ensure rapid computation even for extensive
simulations.

Due to the complexity of the models and the need for efficient computation, the
software consists of several components, whose dependency structure is illustrated in
Figure 8. Please note that the presentation of the module structure is simplified; the
actual implementation contains more modules and classes.

The computationally intensive parts of the simulation are implemented in C++
to ensure high performance and efficient parallelization, while the user interface and
data handling are done in Python. The communication between the two languages
is facilitated by the pybind11 library, which allows for integration of C++ algorithms
into Python scripts.

The C++ code consists of approximately 4200 source lines, and it is organized into
two main modules: CppModel and CppNetwork, the former serving as a factory for the
latter. The CppModel module is responsible for generating the random higher-order
graphs based on various models, and its class hierarchy is illustrated in Figure 9.

The specific network models inherit from the interface class Model to ensure a
consistent API and allow for easy extension with new models. The module is capable
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Simulation Engine
[ ] 1
C++ Core Python Code
[ 1 [ 1 [ 1
CppModel |[*77 77777~ Model Distribution
\ w - 7y
| | -
1 v vy a7 [
CppNetwork |*777"777" Network *-""7 Visualization

Figure 8: High level overview of the software architecture. Arrows point in the
directions of dependencies.

CppModel Model
FiniteModel PalmDistribution Vm Hypergraph
Finite ADRCM FiniteHypergraph PalmADRCM PalmHypergraph

Figure 9: Class diagram of the C++ module. The CppNetwork module mirrors the
structure of the CppModel module: each class in the former has a corresponding
class in the latter. The classes in the bottom row inherit from exactly two of the
classes in the middle row by employing multiple inheritance.
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of generating both finite networks and Palm distributions free from boundary effects,
for both models presented in Papers B (ADRCM) and C (Hypergraph). The CppNetwork
efficiently computes topological features, including Betti numbers, degree distributions,
and simplex counts, and its class hierarchy mirrors that of the CppModel module.

The Python code, consisting of approximately 5000 source lines of code, is respon-
sible for providing the user interface, loading the datasets represented as networks,
and visualizing the results. When designing this part of the software, we aimed to
delegate most of the computationally intensive tasks to the C++ code, while keeping the
Python code as lightweight as possible. The probability distributions of the computed
characteristics are estimated using the scipy.stats library [105] in Python.

The software was tested through unit tests using the unittest framework of
Python. We further validated the program by comparing Monte Carlo simulation
results against known theoretical distributions for various quantities in increasing
network sizes, including higher-order degrees, edge counts, and Betti numbers.

4.3 Implementation

The generation of a finite random network has the following steps:

(1) first, random points are generated with positions and marks according to the
model parameters;

(2) then, we determine which of the points are connected.

The second step is the most computationally intensive part of the network generation
step, since it involves checking the connection condition for each pair of points. This
step is therefore optimized in two ways, which are described below in case of the
Hypergraph model. First, the marks of the points are transformed in a model-specific
manner to enable the efficient computation of the connection kernel. Second, the
state space is partitioned into rectangles, which is visualized in Figure C.1 taken from
Paper C.

mark

position

Figure C.1: Partition of the state space into rectangles

The transformed points are then assigned to the rectangles into which they fall.
Note that the dimensions of the rectangles are chosen optimally to minimize the
number of distance calculations, which is detailed in Paper C. Using the properties of
the simulated models, it can be inferred that if all corners of a pair of rectangles satisfy
the connection condition, then we can assume that all points within the rectangles
are connected, and we can form edges between each pair of points. Conversely, if
none of the corners of a pair of rectangles fulfill the connection condition, then we
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can assume that no points in the rectangles are connected. Then, we only need to
check the connection condition between points in pairs of rectangles that do not fall
into either of the above two categories. Note that the connections can be generated
similarly to the ADRCM model.

For the Palm distributions, the algorithm is similar, but not the same:

(1) first, a typical object—point, or simplex—is generated;

(2) next, the neighborhood of the typical object in which other points can influence
it is determined;

(3) finally, further points and simplices are generated in the neighborhood of the
typical object according to the model parameters.

The generation of these neighborhoods is specific to the simulated model. The
above three steps are repeated several times to generate a sufficiently large sample of
characteristics for the typical objects.

In the case of the CliqueComplex networks generated by the ADRCM model, the soft-
ware employs the SimplexTree data structure from the GUDHI library [15] to compute
all relevant characteristics. Note that, for clique complexes, the SkeletonBlocker
data structure would be more appropriate; however, it lacks the necessary function-
ality to compute all the characteristics we need. The Hypergraph model, on the
other hand, generates hypergraphs whose hyperedges provide an inherent higher-order
structure for the generated networks. Thus, to calculate higher-order degrees and
simplex counts, the Hypergraph network class uses a list of these interactions, called
SimplexList for computations instead of the heavier SimplexTree data structure.
Then, the SimplexTree is built only on demand from the list of hyperedges when
Betti numbers need to be computed.

Next, we describe how the higher-order degree distributions are computed in the
Hypergraph model. Since the SimplexTree data structure is too memory-intensive
and slow for our purposes, we use a custom algorithm to compute the higher-order
degrees. The algorithm is described in Algorithm 1, and it is based on the following
ideas. We are interested in the distribution of the number of m-simplices neighboring
n-simplices, where 0 < n < m. We begin by partitioning the hypergraph into
parts that do not share n — 1 or higher-dimensional simplices. If n = 0, then we
partition the hypergraph into connected components. Note that after partitioning,
the different parts of the hypergraph are independent, and we can compute the
higher-order degree distribution for each part separately. Next, we generate all n-
and m-simplices. To generate simplices of a given dimension, the SimplexList
class employs the for_each_combination function from the HinnantCombinations
library [47], capable of efficiently generating combinations of elements. These simplices
are collected in the C++ std::unordered_set data structure, which utilizes a custom
hash function to ensure efficient membership testing and fast lookups. For each possible
m-simplex, the algorithm checks whether the simplex at hand is its face. This is done
by associating each m-simplex with a 64-bit Bloom filter [14] containing the vertices
of the simplex at hand, which allows for membership testing at low computational
cost. Then, for each n-simplex, we check which of the m-simplices are its neighbors.
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Algorithm 1 Computation of the higher-order degree distribution

Require: Hypergraph H, integers n,m with 0 <n <m
Ensure: Distribution of the number of m-simplices adjacent to each n-simplex

1: procedure CALC_ HIGHER__ORDER_ DEGREE_ DISTRIBUTION(H, n,m)
2: if n > 0 then

3: P <= PARTITION(H,n) > no g-simplices (¢ > n—1) in Up, p,ep{P; N P;}
i
4: else
5: P < CONNECTED__COMPONENTS(H)
end if

for all part P € P do

8: Sn, Sm — & > Sp, Sy represented by C++ std:unordered_set
9: for all hyperedge H € P do

10: generate n-, m-faces of H > use for_each_combination
11: update Sy, S, with n-, m-faces

12: end for

13: degree_ distribution < @ > represented by C++ std:iunordered_map
14: for all o, € S, do

15: for all o, € S,, do

16: if 0, C 0, then > use Bloom filter to check membership
17: ++ degree_distribution[o,]

18: end if

19: end for

20: end for

21: end for

22: return degree_ distribution

23: end procedure

The higher-order degree distribution is computed by using the std:unordered_map
data structure, which stores the simplices as keys, and utilizes the same hash function
used for the simplex generation step. All parts of the above algorithm are highly
parallelized wherever possible.

Note that the above algorithm only has an advantage over the SimplexTree
data structure in the case of sparse hypergraphs, where the number of simplices is
significantly smaller than the number of vertices. In the case of dense hypergraphs, the
SimplexTree data structure is more efficient, since it can compute the higher-order
degree distribution in a single pass over the simplices.
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5 Toy example: the Boolean model

In this section, the main methods of the papers are presented in the context of the
Boolean model. Note that the model presented here is neither a special case of the
models studied in the papers nor a prerequisite for understanding the results. However,
this standalone model serves as a simple example to demonstrate the proof techniques
applied in multiple papers included in this thesis, with less technical complexity.

5.1 Definition of the model

Let P denote a stationary Poisson point process on R with intensity A, and we will
connect points Py, P» € P if their distance |P; — P»| is less than or equal to 5. We
define the neighborhood N(p) C R of a point p € R as the set of points in R that are
within distance 8 from p:

Np) ={p eR\{p}: p—p|<B}, [N =25

where |- | denotes the Lebesgue measure. In this model, the set 3, of m-simplices
is defined as the family of (m 4+ 1)-tuples of points in the Poisson point process P in
which each pair of points is connected:

= = c pmtl. . — Pi| < B7.

S = Sn(P)i= {{Po, P Pu} C PR max [P - Bl < )

That is, X, contains m-simplices that are elements of the clique complex of the graph
whose vertices are the points in the Poisson point process P and edges are the pairs of
points that are connected. Furthermore, ¥ := X(P) := {,,, X/ (P) denotes the family
of all simplices.

5.2 Palm distribution of the typical simplex

We let Ny, denote the family of all locally finite subsets of R, and let C,, denote
the distinct (m + 1)-tuples of points in R. Then, we define the center function
c: Cp, — R to be the leftmost point in a set {pg,...,pm} € Cmn of m + 1 points:
c({po; - - s Pm}) = mineo,. . my pi- Next, we define the Palm distribution of the typical
m-simplex AY, .

Definition 5.1 (Typical m-simplex). Let f: Cp, X Nioc — [0,00) be a measurable,
translation invariant function that is symmetric in its first m + 1 arguments. Then,
the expectation of f with respect to the Palm distribution of the typical m-simplex A},
is defined as

B[00 P = B[ Y He(dn) € 0.0} (An — e(A). P e(A)].
™ T AREDL(P)

where A\, is the intensity of the m-simplices.

We can apply Mecke’s formula [107, Theorem 4.2.1] to the above expectation. To
do so, let 0., == (09,01, ...,0m) € Cin, and let g, : Cpy — {0, 1} be the indicator that
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a set of m 4+ 1 points form an m-simplex. Then, we rewrite the expectation of the
typical m-simplex as

)\m—i—l
E[F(A5.P)) = 5

/}Rm+1 1{c(om) € [0,1]} E[f(0m, P U 0m)]gm(0m) do,.

Proposition 5.2 (Palm distribution of the typical m-simplex). The Palm distribution
of the typical m-simplex A}, exists.

Proof. To ensure that the Palm distribution exists, we need to show that the denomi-
nator \,, is finite.

A :JE[ > He(An) €0, 1]}} = Am“/ Helom) € [0, 1]}gm(0m) dom,
AmESm(P) R+

where we have applied Mecke’s formula in the second step. As g, is symmetric in
its arguments, we assume without loss of generality that c¢(o,,) = 0p. Next, we apply
translation invariance to shift the points by og. Then, with o, := (01 —o0q, ..., 0m —00p),
Fubini’s theorem yields

A = Am“/ / gm({0} U 0,,) dol,, dog = Amﬂ/ dol, =A™ g™ < oo,
[0,1] JR™ (0,5
where we have used that the points within the neighborhood [0, 8] of the leftmost
point, now shifted to the origin, are connected. O

5.3 Higher-order degree distribution

Next, we study the higher-order degree distribution of the Boolean model. For
simplicity, we first examine the ordinary degree distribution. The degree deg(p) =
deg(p, P) = P(N(p)) of a point p € R is defined as the number of points in P that are
in the neighborhood of p, which is Poisson distributed with parameter A|N(p)| = 2A5.
For m’ > m, we define the higher-order simplex degree deg,,,: ¥ x P — N as the
number of m/-simplices that are cofaces of a simplex in X,,:

deg, (A) = |[{c € i ACo,|o| =m' + 1},

and the higher-order degree distribution d,, ,,y (k) = P(deg,,,(A},) = k) as the proba-
bility that the higher-order degree deg,,, (AY)) of the typical m-simplex A¥ is greater
than or equal to k. Furthermore, for a point p € R, let NS(p) := (p,p + 3) denote
the part of the neighborhood of point p which is to the right of the point itself. The
neighborhood N ({po,-..,pm}) of a set of points {poy,...,pm} € Cp, is defined by the
intersection of the neighborhoods N({po,...,pm}) = Nizo N(p:) of the points in the
set. Next, we introduce the relation f =< g for two functions f, g, denoting that there
exist constants c1, ¢y > 0 such that c1g(k) < f(k) < cag(k) for all sufficiently large k.

Theorem 5.3 (Higher-order degree distribution). Let m’ > m > 0 be integers. Then,

10g (dm,m’(k)) = —kl/(m/*m) log(k;l/(m’*m))
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Interestingly, the decay of the higher-order degree distribution is slower for larger
values of m/. The reason is that although the ordinary degree distribution dp; has an
exponential decay due to the properties of the Poisson distribution, but the number of
m/-simplices is increasing in the number of points in the common neighborhood N(AZ)).

Proof of Theorem 5.3. Without loss of generality, we assume that the points of the
typical m-simplex A* = {Py,..., Py} are ordered, i.e., ¢(A}) = Py. Then, N(AX)
the common neighborhood N(A?)) of the points Py, ..., Py, is determined by Py, since
all points P N NS(Py) are connected, and thus

N(AL) SR =6, P+8,  IN(AL)| =R+ 8= (Pm— ) €[8,25].

The number of points P(NN(A?,)) of the common neighborhood of the vertices of AY,
is a Poisson random variable with parameter A\|N(A,,)|. To form an m/-simplex whose
m-face is A¥ | we need to choose m’ — m vertices from P N N(A¥).

Upper bound. First, we bound () < (en/m)™ on the binomial coefficient:

A (k) = P(deg, (A%) > k) = P((Pg(_A;’;)) ) > k)

< P<(ep(]\7(%)))m/m > k) =P(P(N(A;,) > =),

m —m e

Next, introducing ¢(k) = (m' — m) kY™~ /e we derive a Chernoff bound. For
any t > 0,

Aot (6) < PPN (A3,)) > e(k)) = P(exp(tP(N(AL,) > exp(te(k))
< exp(—te(k)) E {exp(tP(N(A;“n)))}

where we have applied Markov’s inequality in the last step. Then, we apply the
definition of the Palm distribution of the typical m-simplex:

—te(k)
Am

[§]

o () < |, te(on) € 0. U} E[exp(tP(N (0))) |9 (011) dosr

To calculate the expectation, we use that P(N(oy,)) is Poisson distributed with
parameter A|N(0,,)|. Thus, the moment generating function of the Poisson distribution
yields

—te(k)
Am

dm,m’(k) < c

L., Helon) € 0, 1} exp (NN (@) (€ = 1))gm(0) doy

We assume without loss of generality that c(o,,) = op by the symmetry of the
integrand, and use translation invariance to shift the points by og. Then, with
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o), = (01 — 00,...,0m —0p) € R™ Fubini’s theorem yields

tc(k

dm,m’ ( S

/ / exp (AN ({0} U0l [(e" — 1)) ({0} U 0}, dol, doy

(m + DA
< exp(26A(e! — 1) — te(k / / a0/, dog
(m+1 [0.5]™
B exp(28X\(e! — 1) —te(k))
- (m+ 1))\m+1 ’

where we have used that |[N ({0} Uo},)| < 28 in the second step. We optimize over ¢
to minimize the right-hand side. Setting t = log(c(k)/(25X)), which is positive for a
large enough c(k), we have

o282
o () < Wexp(—c(k) (log<2(5k))\> - 1))

Then, taking the logarithm, we obtain

108 (s (K)) < —2B8X — log((m + DA™ — (k)(log(;(ﬁk/z) 1)

= —C(k}) log(c(k;)) = _kl/(m’—m) log(kl/(m m))

Lower bound. We are following a similar strategy for the lower bound. For the
binomial coefficient, () > (n/m)™, and then

Ao () = P(degy (A%) > k) = P((P(Af (A:”)) > k)

m —m

> (PS5 1) 5 pepvias) = 1),

m' —m

where k' = (m/ —m) kY™ =™)  Writing the probability as the expectation of the
indicator, we apply the Palm distribution of the typical m-simplex to obtain

1
dm,m’(k) Z —

3 1{c(op) € [0,1]} P(P(N(0m)) = k') gm(0m) domn,.
m JRmMH1

We proceed in the same manner as for the upper bound. Without loss of generality,
we assume that c¢(0,,) = op by the symmetry of the integrand, and use translation
invariance to shift the points by og. Then, introducing o, := (01—o0, ...,0m—0g) € R™
again, Fubini’s theorem yields

ot (K) > 7 m+u / [ BPWV({0} U0],)) > K)gn({0} U o},) o, doy.

Next, we restrict the integration domain with respect to o/, to the set [0, 5]™. Then, on
the one hand, ¢,,({0}U0],) = 1, and on the other hand, the neighborhood N({0}Ua!,)
contains the interval [0, 8], and thus |[N({0} Uo/,)| > 8. Therefore,

XIOW/ (X|OW/k)
Ao (k) > ———> do,,, do )
) //05 o 400 = T DT
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5. Toy example: the Boolean model

where Xjo is a Poisson random variable with parameter S\, and we have used that
Am = AX™TLE™ in the last step. We lower bound the probability that X, is greater
than or equal to k' by the probability that it is equal to |K']:
P(Xiow = [K]) _ (BN)Fe

(m+ D)AmFL (4 DAL K1
Using Stirling’s approximation for the factorial and taking the logarithm yields

dm,m’(k) P

Lk J e=AA - / /
Then, for large enough k, the lower bound follows from k' =< k!/(m'=m), O

5.4 CLT for the number of components

The following theorem characterizes the distribution of the number of components gy
in the Boolean model.

Theorem 5.4. Let W,, C R denote the window [—n/2,n/2] of size n. The standardized
number of components o = Po(P NW,) in the Boolean model converges to a normal
distribution:

nl/2 (Bno — E[Bno]) —> N(0,0 ) with some a2 > 0.

Proof. First, we introduce the add-one cost operator 6(P, 0) := 5o(P U{o}) — Bo(P) to
be the change in the number of components when we add a new point o to the Poisson
point process P. Note that the addition of the point o can result in at most 1 new
component if it is not connected to any other points, or it can merge at most P(N (o))
components to a single component. Thus, |§(P,0)] < P(N(0)) + 1 = deg(o) + 1.
To show that the CLT holds, we follow the steps of the proof of Hiraoka et al. [48,
Theorem 5.2], and we apply the CLT by Penrose and Yukich [89, Theorem 3.1]. To do
so, we need to verify the following conditions.

¢ Moment bound: the supremum of the fourth moment of the add-one cost
operator 6(P, o) is finite: sup,,~; E[6(P N Wy, 0)*] < cc.

o Weak stabilization: the add-one cost operator §(P,0) converges to a finite
limit as n — 00: limptee 6(P N W, 0) < 0.

Moment bound. For the moment bound, using that |§(P,0)| < deg(o) + 1, we have

o0

E[5(P NW,,0)Y] = /°° P(§(P N Whp,o0) = s'/*)ds </0 P(deg(0) + 1 > s/4) ds

—4/ P(deg(o) > t)(t +1)%dt,

where in the third step we have used the substitution ¢ := s/ — 1. As deg(o) is
Poisson distributed with parameter 28\, we have by Bennett’s inequality [8] that if
t>2BAV €2,

P(deg(0) > 1) < exp(—28Mt(log(t) — 1+1/t)) < e 2,
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since log(t) — 1+ 1/t > 1 whenever ¢ > 2. Then, bounding the probability by 1 for
t < 2BAVe?,

26AVve? e}
E[5(P N Wy, 0)Y] < 4/ (t+1)%dt +4 (t + 13 2PN df < oo,
1 2BAVe2

where the first integral is finite since it is an integral of a polynomial over a finite
domain, and the second integral is finite since an exponential function dominates it.

Weak stabilization. For the weak stabilization, we have
}LlTrélo (PN Wp,0) =06(P,0) <deg(o) +1 < o0

almost surely, since the degree of a point is Poisson distributed. O

5.5 CLT for the number of edges

In the following, we will show that a CLT also holds for the number of edges in the
Boolean model. We define the edge count S,, as the number of edges whose center
(leftmost point) is in [0, n]:

Sp=Y_ 1{c(A) € [0,n]}.

A€

Theorem 5.5 (CLT for the edge counts). The centered and scaled edge count converges
to a normal distribution:

n_l/Q(Sn _ E[Sn]) ngj N(0, 02) with some o > 0.

Proof. To show this result, Penrose and Yukich [89, Theorem 3.1] could be used for
the number of components as in the proof of Theorem 5.4, but this time, we use a
different approach, on which proofs in more general settings are based in the following
chapters. Setting A := { Py, P}, we assume without loss of generality that ¢(A) = Py
is the leftmost point. Thus,

Su= > UR e} {PeN (R} = Y deg™(P),
AEY, PePnN[0,n]

where
degS(P) := deg(P,P) = Y _ 1{P; € NS(P)}.
Pj€73

We divide the interval [0,n] into n intervals of length 1. Then, we write the edge
count S, as the sum of the edge counts in each interval [i — 1,7]:

Sp=>T, Ty= >  degS(P).
i=1 PePnli—1,i]

To show that the CLT holds, we would like to apply the CLT by Whitt [107,
Theorem 4.4.3], which states the following. If {T}}icf1,..n) is an associated sta-
tionary sequence of random variables with finite variance Var(7;) < oo, and if
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Y2y Cov(Ty, Ti4+i) < oo, then the centered and scaled sum converges in distribu-
tion to a normal random variable:

n=Y2(S, — E[Sy) 7%3 N(0,62)  for some o2 > 0.

The sequence {Ti}z‘e{l,...,n} is stationary by the stationarity assumption of the
Poisson process, and thus E[S,] = nE[T}].

Let us recall the definition of associated random variables from Definition 3.4.
If we add a new point to the Poisson point process, then the degrees of the points
in the Poisson point process cannot decrease. In other words, the degrees are an
increasing function of the Poisson point process. Thus, by the Harris-FKG theorem
[66, Theorem 20.4], the random variables {7} };c1,.. n} are associated.

Next, we show that the variance Var(T;) is finite. Let P; := P N [i — 1,4]. Then,
writing T; as the sum of degrees, we have

Var(T;) =E| Y deg“(P)?| +E| > Cov(deg*(P),deg™(P)))
PeP; (P1,P2)€('P¢)i

Next, we apply Mecke’s formula to the above terms. For the first term,

E [P;D deg=(P)’] = A / jl Eldeg= (p)?] dp.

For the second term, we need to use the multivariate Mecke formula, and we add two
points p1, p2 € R to the Poisson point process. As these two points can connect, we
need to decompose the degree deg<(p;) as below:

deg=(p1; P; U {p1,p2}) = degS(p1; P; U {p1}) + 1{p2 € N=(p1)},

and thus the product is

deg=(p1; P: U {p1,p2}) deg™(p2; P; U {p1,p2})
= deg=(p1; P; U {p1}) deg™(p2; P; U {p2}) + 1{p1 € NS(p2)} 1{p2 € N=(p1)}
+ 1{p2 € N=(p1)} deg=(p1; Pi U{p1}) + I{p1 € N=(p2)} deg™(p2; P; U {p2})
= deg™(p1; P U {p1}) deg™(pa; Pi U {p2}) + 1{p1 = pa}
+21{ps € NS(p1)} deg=(p1; P U {p1}),

where the last equality follows from the symmetry of the last two terms of the expression
with respect to the points p; and ps. The indicator 1{p; = pa} is always 0 since
we consider only distinct pairs (P, P3) € (Pl)i Then, the application of the Mecke
formula on the second term gives

E[ > Cov(deg™(Py),deg=(P))]
(P1,P2)€(Pi)2

=3 [0 [ Cov(den™ (o). des () dpr e

+2)‘2/ 1E[deg<(p1)]/ 11{p2 € N<(p1)} dp2 dp1,
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and thus

Var(Ty) = A [ Eldeg=(p)1dp+ X [ [ Cov(deg™(pr). deg(p2)) dpr dps
i—1 i—1Ji—1

+2)° /le[degﬂpl)] /

11—

) 1{p> € NS(p1)} dp2dp1 > 0.

As degS(p) is Poisson distributed with parameter 3\, the first integrand is the second
moment of a Poisson random variable, and thus the first integral is

A [ Bldes®()*)dp = BA(BA+ 1)
i—1
For the second integrand, we have

Cov(deg=(p1), deg=(p2)) =E[ 3 3" 1{Pi € N(p1)} 1{P> € N<(p»)}]

P eP PeP
~E[> 1{P e N<(p)}|E[ D 1{P e N<(m)}].
PepP pPepP

We decompose the first term based on two cases: when P; = P, and P, # P». For
the case P # P», by the independence of the Poisson process, the expectation of the
product is the product of the expectations, which makes this summand cancel with
the second term, thus

Cov(deg™(p1), deg™(p2)) = E[Z 1{P € NS(p1) N N<(pz)}].
PeP
Applying the Mecke formula yields

Cov(deg™ (). deg™(p2)) = A [ 1p € N¥({pr.p2})} dp = AIN<({p1.p2})]|.

Note that the covariance is nonzero only if |p; — p2| < 3, thus we bound the covariance
as

Cov(degS(p1),degS(p2)) = A8 L{|p1 — p2| < B}.
Then, the integral of the covariance is
i i i p1+5
N [ Cov(deg (o), deg= () dprdp < X° [ [7 " apadpy = 252,
i—1Ji—1 i—1Jp1—p
which is finite. We write the third term as follows:

ZAQ/ 1Ifz[cleg<<zc>1>]/ 1ﬂ{pzeN<<p1)}dp2dpl<2A2/ NS )| dps = 280

Thus, Var(T;) € O(1).
To apply the CLT for associated random variable, we show that the covari-
ance Cov(T1,T1+) is summable:
o [145]
ZCOV(Tl,THZ-) = Z Cov(T1,T14i) < o0,
i=1 i=1
where we have used again that the common neighborhood N<({p1,p2}) of two

points p1, pe is empty if |p1 — p2| > B, and the sum is finite by similar arguments as
above. O
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5.6 Poisson approximation for isolated points

Finally, we show a Poisson approximation result for the isolated points. So far, we
examined the distribution of the number of m-simplices in a growing window [0, n]
with constant intensity measure A. Now, we consider the distribution of isolated
points in the unit interval [0, 1], with the Poisson process P,, having an increasing
intensity A, := An. As we will see later, to keep the intensity of isolated points finite,
we need to scale the parameter 3, := (2\,) 1 log(\,/3). In this model, the following
theorem holds.

Theorem 5.6 (Poisson approximation for isolated points). The distribution of isolated
points converges to a homogeneous Poisson point process with intensity Aisolated = 5
as n — oo.

Proof. This theorem can be proved using simpler methods than the one we will use
here, as cited in [86, Theorem 8.12]. However, to demonstrate the techniques that we
will use in Paper A, we apply a more complex approach here.

Our proof relies on the Poisson approximation theorem [16, Theorem 4.1], which
we introduce in our context. Let us define the measurable function S: P — F by

S(p) = [p — Bnsp + Bn]a

where F is the set of all closed subsets of R. Furthermore, let g: P x Njoc — {0,1} be
the measurable function indicating that a point p is isolated:

9(p, P) == 1{deg(p) = 0}.

Note that g is localized to S, since its value depends only on points inside S. Next,
we define the point process £ marking the isolated points of P as follows:

E[P]:=D_ 9(p. P)3y.

peEP
Applying the multivariate Mecke formula to the above point process &, we have that
its intensity Aisolated iS given by

>\iso|ated (A) = )‘n /AE[Q(p’P)] dp = )\n /AP(deg(p) = O) dp = )‘H|A’ ]P)(deg(p) = 0)7

where A C [0,1] is an arbitrary Borel set, we substituted the definition of ¢ in the
second step, and calculated the integral using translation invariance and the stationarity
of the Poisson point process. Using the Poisson distribution property of the Poisson
process, we have P(deg(p) = 0) = e~ 2%»* and thus

)\isolated<A) = A’rz‘f4|eizﬁn/\n = ﬁ’A‘ < 00,

where in the second step we have used that £, = (2\,) ! log(An/B).

Let n be a Poisson point process with intensity measure Aisolated, and let S, :=
S(p) = [p — Bn,p + Bn] be a measurable map from P to F, thus S(p) C Sp. Then, by
Bobrowski et al. [16, Theorem 4.1],

dkr(§,m) < Ey + Es + Es,
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where dkgr is the Kantorovich—Rubinstein distance, and
Bi=2 [ o PUD)LSE) ¢ 5} ap
=2 | /[0 o M 0150 # @Y E[g(01 P U D) B[g (52, P U (p2))| o1, o)

By =2)\2 // 1{Sy, NSy, # T} E{g(php U{p1,p2})g(p2, PU {pljpz})} d(p1,p2).
[0,1]2

Note that convergence in the Kantorovich—Rubinstein distance implies convergence in
distribution.

For the first term, Fy = 0, since the indicator in the integrand is always 0.

In the error term FEs,

E{Q(M,P U {p1})] =E[g(p1,P)] = P(deg(p1) = 0) = o~ 26ndn.

and similarly for ps. Then, recognizing that 1{Sy, NSy, # @} = 1{|p1 — p2| < 26, },
we can bound the error term as follows:

By = 2X5e” e //[0 n 1{|p1 — p2| < 2B,} d(p1,p2) < 8Burne™ i,
Taking the limit n — oo, we have
i B = i 83,5 = i 1,57 =0
It remains to show that F3 — 0 as n — oco. Since
E{Q(PLP U{p1,p2})g(p2, P U {Pl,Pz})} = E{Q(PLP U{p2})g(p2, P U {Pl})]a

the expectation is 0 whenever |p; — p2| < B,. On the other hand, the indicator
1{Sy, NSy, # @} requires that |p; — p2| < 23,. Thus,

By =2)2 / / 1{|p1 — po| € [Bn, 262]} P(deg(p1) = 0, deg(pz) = 0) d(p1, p2),
[0,1]2

where we have substituted the definition of g in the expectation. The event in the
probability happens whenever there are no points in the union of the two neighborhoods
N(p1) U N(p2), and thus

P(deg(p1) = 0,deg(p2) = 0) = P(P(N(p1) U N(p2)) = 0) = e NP2l
Note that |N(p1) U N(p2)| = 28, + |p1 — p2| whenever |p; — pa| < 20, and thus

By = 2X0720 //[0 12 L{|p1 — p2| € [Bn, 28]} P72l d(py, ps).

We bound the first integral using translation invariance. We set p; = 0 and integrate
with respect to p;. Then, using that \,e~2%"* = 3. we have

By < 26Mn /[ ] 1{|pa| € [Bn, 28] e~ 2! dpy
0,1

o0
< AP, / e P2 dpy = 4BeFrAn,
Bn
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where we have bounded the indicator by 1{|p2| € [8n,206,]} < I{|p2] = 5.}, and we
have used the symmetry of |- | in the second step. Finally, we take the limit n — oo:

lim E3 = 43 lim e Pt =0
ntoo ntoo

since limy 1o BpAn = 00. O
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Poisson approximation of
fixed-degree nodes in weighted
random connection models

Christian Hirsch, Benedikt Jahnel, Sanjoy K. Jhawar, and Péter Juhdsz

Abstract: We present a process-level Poisson approximation result for the
degree-k vertices in a high-density weighted random connection model with a
preferential-attachment kernel in a finite-volume Borel set. Our main focus lies
on the impact of the left tails of the weight distribution, for which we establish
general criteria based on their small-weight quantiles. To illustrate that our
conditions are broadly applicable, we verify them for weight distributions with
polynomial and stretched exponential left tails. The proofs rest on truncation
arguments and a recently established quantitative Poisson approximation result
for functionals of Poisson point processes.
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A.1. Introduction

A.1 Introduction

Spatial random networks are found in a wide variety of applications ranging from social
networks to material science to telecommunication systems [43, 59]. In particular, in
the context of such networks, it is essential to estimate the probability that we observe
extreme realizations of the key network characteristics, and to understand the reasons
leading to such extreme behavior. This need motivates the extension of the classical
findings from extreme value theory to the context of spatial random networks.

To make our results accessible to a larger audience, we first explain the classical
nonspatial models for preferential attachment, which go back to Barabasi and Albert
[3]. Here, nodes arrive over time and connect to already existing nodes. The important
feature of the model is that it is more likely to connect to nodes that already have
many connections.

However, the classical preferential attachment model is not a spatial network. On
the other hand, one of the most fundamental spatial network models is the random
connection model (RCM) from [85]. It is defined on a vertex set in Euclidean space
where edges are put independently with some distance-dependent probability. We also
refer to Franceschetti et al. [38], Last et al. [68] for further properties. However, the
RCM does not have a heavy-tailed degree distribution. This motivated the introduction
of the weighted RCM (WRCM) [see 40, 42, 41, 64]. Here, the connection probability
not only depends on the distance but also on the weights.

A seminal paper in this context is [88], which studies the asymptotic behavior
of the number of degree-k nodes in the inhomogeneous RCM. More precisely, the
main result of [88] states that the number of degree-k nodes converges to a Poisson
distribution under a suitable scaling of the connectivity threshold in the connection
function.

While the extensions of Stein’s method developed in [88] are interesting from a
mathematical point of view, it is not always easily applicable in practice. The reason
is that the RCM can only produce light-tailed degree distributions [72, Equation (6.1)],
whereas many real-world networks exhibit heavy tails [3, 75]. To overcome this
limitation, Iyer and Jhawar [55] extended the results to the scale-free RCM introduced
in [29, 28]. These networks generate heavy-tailed degree distributions by assigning
suitable weights to the vertices, which significantly influence their ability to connect
to other vertices.

While the scale-free RCM involves many parameters, an important finding in [55]
is that most of them influence the connectivity threshold only through multiplication
by a constant. This points to a limitation of the scale-free RCM since, depending on
the application, we expect a wide variety of extreme-value scalings.

In this paper, we resolve this potential misconception by showing that scale-free
RCMs can indeed give rise to a wide range of extreme-value scalings. We stress that
these findings do not contradict the results in [55], since, in contrast to that work,
where the weights are bounded away from 0, we allow variations of the left tail of the
weight distribution, i.e., the behavior of the distribution near 0. While the majority of
the existing literature focuses exclusively on studying the effects of the right tail due
to its importance for the degree distribution, one of the core findings of our work is
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showing that the left tail of the weight distribution is crucial for understanding the
extreme-value behavior of degree-k nodes.

While this may be surprising at first sight, it is not entirely unexpected. Indeed,
our analysis shows that the most likely reason for observing a constant order of isolated
nodes is that these nodes have an extremely small weight, making it easier for them
to be isolated. On the other hand, it is the left tail that determines how difficult it
is for a node to have an extremely small weight. Hence, by allowing modification to
the left tail of the distribution of the weights, we can observe a variety of different
extreme-value behaviors.

Let us illustrate these findings through simulations set up with a constant order of
isolated nodes. In the left panel of Figure A.1, we consider a typical realization of an
isolated node (red) in a weighted RCM of intensity 1000, whose weight distribution has
a power-law left tail of tail index 2. The horizontal axis corresponds to the positions
of the nodes, whereas the vertical axis shows their weights. Edges are not shown.
Loosely speaking, most of the network resembles a typical realization of a Poisson
point process. However, the weight of the red node at the origin is atypically small,
making it easy to avoid connections. Our main result makes this intuition precise
by providing a quantitative prediction for how small the weight of the origin must
be to see a constant order of isolated nodes. In the right panel of Figure A.1, we
show a log-log plot of the weight of a typical isolated node against the point-process
intensity. The plot is approximately linear with a slope of —0.4682, which is close to
our theoretical prediction of —1/2.

The main contribution of our paper can be summarized as follows.

(1) While the results in [88, 55] tentatively indicate that the rare-event behavior of
the degree-k nodes is not strongly affected by the parameters, we show that, in
fact, a wide variety of extreme-value scalings can be obtained. This is achieved
by modifying the left tail of the weight distribution. As specific examples, we
consider the case where the left tail is of power-law or of Fréchet type.

L5t . 10° |
-1 |
b= 1] =z 10
b )
B : g 10—2 1
0.5 1
_ 1072
0 -9 - : : : * ‘ ‘
—05 0 0.5 10t 102 10° 10" 10°
coordinate intensity

Figure A.1: Realization of an isolated node (red) in a weighted RCM with
intensity 1000 and weight distribution with power-law left tails of tail index 2 (left).
Log-log plot of the weight of a typical isolated point against varying point-process
intensities (right).
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(2) Our results go beyond the scale-free RCM and consider the weighted RCM
(WRCM) introduced by Gracar et al. [40, 42, 41], Komjathy and Lodewijks [64].
WRCMs specify a kernel function and, therefore, allow one to consider models
of spatial preferential attachment.

(3) In contrast to [88, 55], we not only look at the number of degree-k nodes, but
also at their spatial distribution. In other words, we prove convergence of the
degree-k nodes to a Poisson point process. This is accomplished through the
application of a recently developed functional Poisson-approximation result from
Bobrowski et al. [16].

Our results focus on models where weights are assigned to vertices, which distinguishes
our work from the WRCMSs explored in [64]. On the other hand, a connection arises
through the influence of the left tail of the weight distribution. Although the criteria
for explosion in [64, Equation (1.1)] are satisfied in both of our examples discussed in
Section A.3, it is not directly connected to the Assumptions A.1-A.3 introduced later
in our paper.

The rest of this paper is organized as follows. In Section A.2, we recall the definition
of the WRCM and state Theorem A.2.2 as our main result on the Poisson approximation
of the degree-k nodes. Loosely speaking, the precise rare-event behavior is encoded in
a characterizing equation that prominently involves the weight distribution. Next, in
Section A.3, we illustrate that the conditions on the weight distribution are meaningful
as they cover a wide range of natural models. Finally, in Section A.4, we present the
proofs of the above results.

A.2 The inhomogeneous random connection model and
main results

We now recall the precise definition of the kernel-based spatial random networks,
which are the objects of our study, as presented by Gracar et al. [41, 40]. We consider,
henceforth, a random graph with vertex set given by a homogeneous Poisson point
process Py on R? with intensity s > 0 and d > 1. Independently to each = € Py, we
associate a random weight W, drawn from a distribution with cumulative distribution
function F: Ry — [0,1], F(w) == Fy(w) = P(W < w) on (0,00). Edges between
pairs of points are drawn independently, and the probability that there is an edge
between any two vertices z,y € Ps is a function of their distance and their weights W,
and Wy, i.e.,

ps(@, Wasy, Wy) = cp(\Bw,y‘(o)\/(vsm(Wx, wy))), (A.1)
where v; is the scaling factor depending on the intensity, |B|,_,(0)| is the volume
of the centered Euclidean ball with radius |x — y|, and k and ¢ are the kernel and
the profile function of the model that are specified as follows. Note that the scaling

factor vs has a specific value, which is discussed in (SCG) below. As kernel, we
consider the interpolation kernel, i.e.,

Ii(’LUl,ZUQ) = (w1 VAN wg)(wl V U)Q)a
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for some a > 0, which is a special case of the kernel considered in [70, Equation (2.2)]
with parameters o = 1 and v = a. Note that the interpolation kernel was also
introduced in the context of the WRCM in [104] under a different parametrization. In
particular, it interpolates between the cases a = 0 and a = 1, which are considered
under the names min kernel and product kernel earlier in the literature.

The profile function is a nonnegative function ¢: [0,00) — [0, 1] satisfying the
normalization condition [;°¢(r)dr = 1, and regularly varying [13] at infinity with tail
index o > 1, that is,

;}FIOI}) o(tr)/e(r) =t for all ¢ > 0.

We assume that 1 — F' is also regularly varying at infinity with tail index 5 > ac, in
particular, p4e < oo with u, = E[W"]. The resulting random graph is denoted by
G(Ps,vs). We highlight that the parameter svs has a natural interpretation in terms
of the network model. Indeed, as we will see in Application A.4.4 in Section A.4, sv,
is the order of the expected number of neighbors of a typical network node.

We are interested in the spatial distribution of nodes with a given degree, i.e.,

Es g = Z 1{deg(x) = k in G(Ps,vs)}0y, (A.2)

rzePsNH

where H C R? is a Borel set with finite volume |H|. Note that deg(x) is the number
of all points connected to x, including those that lie outside H. In order to specify the
scaling v, we first consider Dy j, = & ,(H ), the number of degree-k vertices in G(Ps, vs)
that are contained in H. We identify the correct scaling v,y such that E[D; ] is
constant. For this, let us introduce the decomposition

h(w) = wpy(w) + wu_(w) = wE[I{W > w}W*] + w*E[1{W < w}W], (A.3)

of h(w) = E[k(w, - )] and consider the scaling v, ;, defined as the largest solution of
the equation
k! = s E[(s5vs xh(W))* exp(—svs gh(W))], (SCG)

for £ > 0. We note that such a solution must exist at least for all sufficiently
large s. Indeed, take for example v, = ¢/s, then (SCG) can be rewritten as s =
k! E[(ch(W))¥ exp(—ch(W))], where the right-hand side tends to infinity for ¢ — oco.
We emphasize that the scaling v, ;, depends on the chosen value of k. From now on,
we fix the degree k£ > 0, and write v, instead of v, going forward. We use the same
convention for Ds, Dy, and &, &1 as well. The following result establishes the
correct scaling, with its proof presented in Section A.4.

Lemma A.2.1 (Expected typical degree). Let us fit k > 0 and consider the ran-
dom graph G(Ps,vs) with the connection function ps of the form (A.1) and scaling
parameter vs as defined by (SCG). Then,

E[D,] = |H]|. (A4)

While the definition of vy is indirect, in Section A.3, we illustrate that the order
of vs can be computed for given natural choices of the weight distribution as a function
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of the intensity s. The value of the parameter v, has important implications for
the network topology, as it reveals the order of the expected number of neighbors
of a typical node, svs. More precisely, we will see that, for polynomial tails, svs is
of polynomial order, while for stretched exponential tails, it is of polylogarithmic
order. This reflects the intuition that for polynomial tails, it is more likely that
low-weight nodes appear, which means that even for relatively large values of svy, it is
reasonably likely that a low-weight node is isolated. For stretched exponential tails,
it is less likely to create low-weight nodes, which means that even for smaller values
of svg, it is unlikely that a low-weight node is isolated. These observations are to be
contrasted with the finding from Iyer and Jhawar [55] that for a lower-bounded weight
distribution, svg is of a much smaller, namely logarithmic, order.

Having established the convergence of the expected degree counts in Lemma A.2.1,
in Theorem A.2.2 below, we prove the convergence of the degree distribution itself
in the sense of a Poisson point process approximation result. Note that this result is
only valid under certain assumptions on the distributions of the weights W, which
we now collect. These assumptions are rather technical but are a key component of
the approximation arguments in our proof. In Section A.3, we illustrate how to verify
these assumptions and present examples for weight distributions exhibiting a variety
of left tails.

A central role in our proof is played by the 1/(2s)-quantile of the weight distribution,
which we denote by ws. That is, F'(ws) = 1/(2s). The importance of this quantity
stems from the intuition that it is a first indication for the typical weight of an isolated
node in H. Indeed, nodes of weights much smaller than ws are unlikely to appear in H,
whereas nodes of weights much larger than w, are unlikely to be isolated. We stress
that the precise interpretation of much smaller and much larger may depend on the
tail distribution. This is one of the main reasons why the following assumptions are
rather technical. Let 0 := (o — 1)/2. Our assumptions require that, for some K > 0
and n € (0,1),

A1 limgo svsw?/log(s) = oo,
A.2 limgpo log(s)wy EHDA=M R (1) = 0, and
A.3 limgo log(s)w(KO-N0=m) — (.

To present our main result, let { denote a Poisson point process with intensity
Leb(dz) :== 1{z € H}dx and let

dkr(§,€) = sup {|[E[g(¢)] - Elg(¢"]I}

geLIP

denote the Kantorovich—Rubinstein distance between the distributions of the two
processes £ and &'. Here LIP is the class of measurable 1-Lipschitz functions with
respect to the total variation distance on the space of finite point configurations in H.
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Theorem A.2.2 (Poisson approximation). Let us fir k > 0, and consider the random
graph G(Ps,vs) with the connection function ps of the form (A.1) and the scaling
parameter vs as defined by (SCG). Then, under Assumptions A.1-A.3,

;ITIglO dkr(&s,¢) =0

for any Borel set H C R? of finite volume.
Y

Note that convergence in Kantorovich—Rubinstein distance implies convergence in
distribution in the sense of random measures supported on a finite volume H. In fact,
by [61, Theorem 4.11], this implies that the random measure s defined on the entire R?
converges vaguely in distribution to a homogeneous Poisson point process. However,
we stress that for these infinite-volume objects, we do not obtain the convergence in
Kantorovich—Rubinstein distance.

We note also that Theorem A.2.2 is the analog of [55, Theorem 3.2] for the case
where the weight distribution has positive mass arbitrarily close to 0. More precisely,
we note that in [55], the connection probability is given by

nre WaW, )

L= eXp<_ |z — y|o

for some parameters 7, rs, a. Hence, this can be written as ¢(|B|,—y(0)|/(vs
k(W W})))), where vy == rd, W = 4% the parameter a = 1 in the kernel
and

p(r) =1 — exp(—n|Bi(0)|*/*r=o/7).

Since in [55], there exists € > 0 such that ws > ¢ for all intensity s, the Assumptions A.2
and A.3 are violated. This means that the results for the model discussed by Iyer and
Jhawar [55] are not implied by Theorem A.2.2.

We also note that in [88], a straightforward extension of the arguments for the
degree-k vertices also yields the Poisson approximation for size-k components. However,
in our setting, the introduction of weights makes the analysis of size-k components
substantially more involved. Indeed, such an analysis would rely on a highly delicate
configurational analysis of the weights in such components. These weights need to
be small enough to ensure that there are no connections to outside nodes, while
simultaneously being large enough to ensure connectivity between the nodes within
the component. While such an analysis is not entirely out of range, it would require
additional constraints on the weight distribution as well as a substantially more refined
analysis. Hence, to provide a focused presentation of the main ideas, we refrain from
conducting such an analysis here.

Moreover, as mentioned in the introduction, the main tool of the proof is a
recently developed functional Poisson-approximation result from Bobrowski et al. [16,
Theorem 4.1]. Here, we note that Bobrowski et al. [16] also gives a functional Poisson-
approximation result for the nearest-neighbor radii. However, this result heavily relies
on the specific form of the isolation probability for the standard random geometric
graph on a Poisson point process. In particular, such a result does not extend easily
to the present setting, where the isolation probability depends in a complicated way
on both the weights and the profile function.
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Finally, we note that, while Bobrowski et al. [16, Theorem 4.1] provides a rate of
convergence, we refrain from stating such rates here. This is because the complexity of
our model forces us to make approximations at several instances that are presumably
suboptimal. Hence, while it would be possible to extract specific convergence rates
from our proof, they would be far from optimal as well. Since a streamlined proof
without tracking the rates is substantially more accessible, we decided to present the
proof in this form.

A.3 Examples

The goal of this section is to provide examples for the weight distributions and show
that they fulfill the Assumptions A.1-A.3 listed in Section A.2. In Sections A.3.1
and A.3.2, we discuss examples for weight distributions with polynomial and stretched
exponential left tails, respectively.

Let us start by stating some a priori estimates of our parameters; recall the
definitions in (A.3).

Lemma A.3.1. It holds that
(1) p—(w) < wF(w),
(2) w'(1 = F(w)) < py(w) < pra,
(3) im0 pig-(w) = pa,
(4) limy 0 h(w)/w = pia, and
(5) svsws € O(log(s)).

Proof. The first three statements are immediate. For the fourth statement, as w — 0,
we can bound the fraction of the two terms of h(w) as
a

= 0.
wl0 wy(w) ~ wlo Ia

For the fifth statement we use the indicators for the events W < ws and W > w; to
bound

1= sE{%(svsh(W))kexp(—svsh(W))}
<sP(W < ws) + sE[%(svsh(W))k exp(—svsh(W)) 1{W > ws}}.

As w, is the 1/(2s)-quantile, the first term is 1/2, and as sup,-o{z* exp(—z/2)} < oo,
we can upper bound the second term as
1/2 < esEfexp(—svsh(W)/2) I{W > w,}]
< dsE[exp(—svsh(W)/2) I{ws, < W < "}]
for some constants ¢,c,¢” > 0 with u(¢”) > 0. In the last step, we have used
that h(W) is a monotone increasing function. Finally, using the definition of h(W),

we have that 1/2 < ¢/sexp(—svswspy(¢”)/2) and therefore svswspy(¢”) < 2log(2¢'s),
as asserted. O
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The starting point of the computations in this section is (SCG). We use
that limgoo svs = 00. This is so because the expectation in (SCG) must be 0
in the limit so that the left-hand side of (SCQG) is constant.

A.3.1 Polynomial left tails

First, we consider the setting with polynomial left tails. That is, we assume that there
exist parameters p, p,b > 0 such that

F(w) = pw” for all w < b.

Note that, for sufficiently large values of s, the 1/(2s)-quantile ws of the weight
distribution is given by

P(W < ws) =1/(25) < pul=1/(2s) <= w,=(2ps)” /7.
Let us first establish the scaling v,.

Lemma A.3.2 (Scaling for polynomial left tails). Let k > 0 and let vs be as defined
in (SCG). Then

lwo vt = 51ty

I'(k+ p).

Proof. Let 0 < & < b. Then, using (SCG), we have that

p
lim 57~10f = lim “Zj) E[(s0h(W)) exp(—sush(W)]

sToo
= tim 0 B[ (s0,(1))" exp(~sv,h (W) 1{W < c}]

+ E[(svsh(W))k exp(—svsh(W)) {W > €}]),

where the second term decays exponentially fast in sv, since h(W) > 0 whenever W > e.
Thus, we keep only the case when W < e, which leads to

p
llTrglo sP b = llTIglo (SZT) E[(svsh(W))k exp(—svsh(W)) L{W < e}].

Note that, for w < b, the weight distribution has the density ppw?~!. Since ¢ — 0, we
can use that lim, o h(w)/w = p,. We use Lemma A.3.1 to see that

)p+k

(svs)" Fppuk

lim s~ 'v? = lim lim

€
stoo €10 sToo k! /0 (1+ 06(1))wk+p71 eXp(_SUSNaw(l + 05(1))) dw.

Finally, substituting u := svsu,w we have that

lim s~ 10? = lim lim 22 svsfﬂa(l + 0c(1))u" P exp(—u(1 + 0c(1))) du
stoo s el0 sToo ]{!Mg 0 c c

_ br
kb

L(k+ p),
as asserted. O

64



A.8. Ezamples

After having shown Lemma A.3.2, we verify Assumptions A.1-A.3. First, we deal
with Assumption A.1. As wg = (2ps)_1/p, we have that for n € (0,1),

svg(2ps) P (2ps)TMP / spp 1/p
1 f————— =1 I'(k
e log(s) e log(s) <k!,u§ (k+ )>
1=1pT(k 4 p)\ 1/ sU=0)/p
D Tl (k4 p _
N hngolglf( 20K\l ) log(s) o

where in the first step we have used Lemma A.3.2.
Now, we choose K := 2/§ and subsequently 7 sufficiently close to 1 such that
(K +1)(1—n)/p < n, or, equivalently,

(1+K)/p

— << 1
1+(1+K)/p "

We now turn our attention to Assumption A.2. Note that F(w?) = pwl? = p/(2ps)".
Therefore,

lim sup log(s)w; E+DA= P(7) = lim sup 1Og(5)(2ps)(K+1)(1—n)/pL

sToo sToo (2]95)77
= plim sup log(s)(2ps) EFDA=m/r=n —
sToo

where we have used that the exponent is negative for the chosen 7. Thus, Assump-
tion A.2 is satisfied.
Finally, for Assumption A.3 we have that

lim sup log(s)ngé_l)(l_”) = lim sup 1og(s)(25p)_(K5_1)(1_77)//’ =0,

sToo sToo

as the exponent is negative by the choice of K.

A.3.2 Stretched exponential left tails

Now, we consider stretched-exponential left tails. That is, we assume that there exist
parameters p, p, b > 0 such that

F(w) = pexp(—w™?) for all w < b.

Note that, for large values of s, the 1/(2s)-quantile wg of the weight distribution is
given by

P(W <ws) =1/(2s) <= pexp(—w;?)=1/(2s) <= w,=log(2ps) /",
Next, we identify the vs-scaling.

Lemma A.3.3 (Scaling for stretched exponential left tails). Let vs be as defined
in (SCG). Then, for k >0,

0 < liminf — % <l °Us
minl ——————— S 1MSsup ———————————
sToo” log(s)1+1/e sroo” log(s)+1/p
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Since the proof of Lemma A.3.3 is rather technical, we first explain how to verify
Assumptions A.1-A.3. For this, let n = 1/2 and fix K > (2p+1)/6. First, we examine
Assumption A.1. As w, = log(2ps)~/?, using Lemma A.3.3, for some M > 0,

log(2ps)—"/P 1
lim inf = limg inf 2% 08(2ps) > lim — log(s) ™" Llog(s)' /7 = oo,
stoo log(s) stoo log(s) stoo M

Svswl

where we have applied that limg o, log(s)/log(2ps) = 1. Let us consider Assump-
tion A.2. As

F(w!) = pexp(—w; ") = pexp(— log(2ps)"/?),

we have that

lim sup log(s)wy KTV p (1) = llTICPO log(s) log(2ps)E+1/(2e)y exp(— log(2ps)1/2)

sToo

_ pllTIO% log(s)1+(K+1)/(2p) EXp(— log(s)1/2).

Noting that log(log(s)!*(K+1)/20) ¢ o(log(s)'/?), independently of the value of K, we
conclude that

lim sup log(s)wy KFDE=m Py = plistup exp(— log(s)'/%) = 0.

sToo

Thus, Assumption A.2 holds. Similarly, we can see that Assumption A.3 is satisfied
since for our choice of K,

lim sup log(s)w(K(S_l)(l_") = ;#rglo log(s) log(2ps)_(K‘5—1)/(2p) =0.

s
sToo

Now, we prove Lemma A.3.3. In the proof, we use the Landau notation f =< g
for f € O(g) and g € O(f).

Proof of Lemma A.3.3. To prove the statement for general & > 0, we show lower
and upper bounds for o4 := svs, defined via (SCG). Let us introduce the following
notations:

o7 = M "log(s) /P and of == Mlog(s)' /7,

for a suitable M > 0 chosen below.

Our goal is to show that for some M > 0 and all sufficiently large s, the largest
solution o4 of (SCG) lies in 0, < 05 < of. For a fixed intensity s, Figure A.2 shows
the right-hand side

L(s,0) = sE[(ch(W))F exp(—ah(W))]

of (SCQG) as a function of o compared to its left-hand side k!.
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L(s,0)

Goal

e e i Tl

0 o5 ol

Figure A.2: The right-hand side L(s,o) of (SCG) as a function of ¢ in three
intervals. In the first step of the proof, we show that L(s,o,) > k! for large s.
The second step proves that if s is large and o > o, then L(s,o) < k!. Finally,
we use the intermediate-value theorem to show that the largest solution of (SCQG)
must lie in the third interval.

To prove Lemma A.3.3, we follow two steps.
(1) First, we show that limgje L(s, 05 ) = o0.

(2) Next, we will see that limgteo sup,,+ L(s,0) = 0.

o>0

These two steps conclude the proof. Indeed, we note that limgyo L(s, 05 ) > k! (Step 1),

while also limgpoo sup, 5 ,+ L(s,0) < k! (Step 2). As L(s,0) is a continuous function

of o, the intermediate-value theorem leads to the conclusion that for large s, there is
at least one solution of (SCG) if o € (05 ,07). It also follows from Step 2 that we
cannot have a solution if ¢ > o,. Thus, the largest solution o, must exist and lie in
o, < 05 < oy, thus proving the lemma.

Step 1. Let us first assume that 0 = o, . Then, for every K > 0,
L(s,0;) = SE[(as_h(W))ke_US_h(W)] > sE[1{o;h(W) = 1,W < Kws}e o hW],

We choose K and M large enough such that K—° + 2M~'Kpu, < 1. Since ws — 0
as s — oo, independently of the chosen K in the indicator function, we use again that
limy, 0 h(w)/w = piq from Lemma A.3.1 (3) to see that

lim Z(s,07) > lim s E[exp(—207 W) 1{2/ (07 1) < W < K, }]

<W
sToo
> ;iTrorésexp(—Qa;Kwsua) P(2/(o; pa) < W < Kuwy).

We can simplify the above exponential by using the specific form of o, and ws, which
leads to

exp(—207 Kwgpta) = exp(—2K g log(s) t1/7 log(2ps) " /P /M) =< s~ 2M ' Kna,
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where we have also used that limgys log(s)/log(2ps) = 1. We can determine the
probability for large s as

P((05 pta) ' < W < Kw,) = P(W < Kws) — P(W < Kws/2)
= p(2ps) K" — p(2ps)"E/DT" < 7K

Thus, using these results, we deduce that

. - . J_K—P_aM1
lim L(s, 0 ) > lim s! =K " 72M " Kpa —

m )
sToo sToo

since our choice of K ensures K ° +2M " 'Kp, < 1.

Step 2. Here, we have that

limsup sup L(s,0) = limsup sup s]E[(ah(W))kexp(—ah(W))]

sToo oo sToo ozot

< limsup sup sE[Cexp(—ch(W)/2)]

sToo 020:

< C'lim sup s]E[eXp(—U:h(W)/Q)L

sToo

where C := (2k)* exp(—k). For the right tail of the weight distribution when W > b,
we estimate

E[exp(—od h(W)/2) I{W > b}] < exp(—oFh(b)/2) = s Moa®)/?h0)/2 ¢ 5(5=2),

where we have used the monotonicity of A(W) in the first step. Fixing K > 0
with K= > 2, we calculate the upper bound for the case when W < Kw; via

Elexp(—ofh(W)/2) I{W < Kw,}] < P(W < Kwy),

where the choice of K, as we will see below, implies that the second term is negligible
compared to the case when W € [Kws,b]. Finally, for W € [Kws,b], we have
h(w) > wpy (b), and therefore, since w, = log(2ps)~/*, choosing M > 4/(K 1 (b))
gives that

E[exp(—af h(W)/2) 1{Kws < W < b}] < exp(—o) Kwspy (b)/2) € o(s™2).

We obtain that limgteo s Elexp(—of h(W)/2)] = 0, as asserted. O

A.4 Proofs

To apply the result Bobrowski et al. [16, Theorem 4.1], it is convenient to express the
examined scale-free network via i.i.d. marked Poisson point processes. More precisely,
we define
E[w;v] = Z gk (T, w;v)0y (A.5)
€W
for locally finite w in the suitable space = R x [0,00) x [0, 1]%>0. Here g(x,w;v)
denotes the indicator that x € H and has degree k in the graph G(w;v). We consider
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& =€ [753;1)5] where P, is a Poisson point process on {2 with intensity measure
Ks(dx) = s dm®PW®Leb%’Zﬁ°. Based on the marks, we draw an edge between any two
points = (z, W,,T;) and y = (y, W, T) with W, < W, if Téi) < ps(w, Wa, y, W),
where ¢ > 0 is chosen such that x is the ith closest point to y within P,. In words,
similarly to [88], we encode the randomness associated with the existence of an edge
(conditioned on the positions z,y and weights W,, W, of the endpoints) into an
additional i.i.d. marking of the points, where the vertex with the larger mark makes
the decision. The measure Leb%%o then guarantees that any edge in the complete
graph has an independent choice, using the fact that with probability one no two
points have the same distance.

Now, we can break down the proof of our main theorem into two key steps: an
approximation step and then the Poisson-convergence proof for the approximating
process. As mentioned above, to employ [16, Theorem 4.1], we need to control certain
bounding terms. However, due to the long-range correlations in the spatial random
network, it is difficult to directly apply this result. Moreover, they are also not
easily expressible in the usual framework of stopping sets from Bobrowski et al. [16].
Therefore, we work with suitable truncations in the weight space and the spatial
domain. Thus, we consider the truncated point count

Gi(, w;v) = gip(x,w N Qow,;v) L{W, < c},

where Qs1y, = R? x [, 00) x [0,1]%>0. To spatially localize the edge count, let us
introduce

g (@, w;0) = g, w N QY (2);v),
where QY (z) = By (@) x [0,00) x [0, 1)%. Here vy = |B1(0)| and hence, the
ball By, 1/4(x) with radius V/vy centered at  has volume V. We write QY (z) =
QV(z) N Qs, and consider the random variable

o = o [Py vg] = 90"V (@, Pas v4)0a,

mG%s

where we fix the cut-off V,(s) == w; K= for n € (0,1) and K > 0 satisfying the
Assumptions A.1-A.3. The proof of Theorem A.2.2 is a direct consequence of the
following two statements.

Proposition A.4.1 (Truncations are negligible). Under Assumptions A.1-A.3, we
have that ]
lim dig(&s, £70) = 0.

Proposition A.4.2 (Poisson approximation). Under Assumptions A.1-A.3, we have
that

: "

lim dyr (€570, ) = 0.

Before presenting the proofs of Propositions A.4.1 and A.4.2 in Sections A.4.2 and A.4.3,
let us collect some supporting results that will be used multiple times later.
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A.4.1 Supporting results

A key property of the considered model is that the expected typical degree conditioned
on the typical weight W, can be expressed in closed form. This is the content
of the following auxiliary result from Deprez and Wiithrich [29, Lemma 4.1]. To
make our presentation self-contained, we reproduce the short proof here. Let us
introduce the notation o = (o, W,, T,) for the marked typical vertex. Furthermore, let
f:[0,00)3 = [0,00) be a measurable function. We define an f-weighted degree of a
marked vertex x as

degf(w) = Z f(’B\x—y|<0)’ﬂW$7Wy)'
ye’ﬁs: yorx

In particular, by choosing f as a suitable indicator, we can filter only those neighbors
of x satisfying a desired property. To ease notation, we set

[ (we,w) == / fuvgk(we, w), we, w)p(u) du, wy,w > 0.
0
Lemma A.4.3 (Expected typical degree). It holds that
E[deg (o) | W,| = sus W, E[I{W > W} W f*(Wo, W) | W,]
+ svs W E[I{W < W} W f*(Wo, W) | W,].

Before proving Lemma A.4.3, we discuss how to simplify it for specific choices of f.
Recall that
h(Wo) = Wopy (Wo) + W5 n—(Wo)
=WoE[I{W = W, }W* | W,| + WIE[I{W < W,}W | W,].

Application A.4.4 (Degree of a typical vertex). For f = 1, we have that f*(w,,w) =1
and hence,

E[deg (0) | Wo] = s0sWo E[L{W = W, }W* | W,] + so,WEE[I{W < W,}W | W,]
= svs E[k(Wy, W) | W,] = susWoug (Wo) + sosWeu_ (W,).

Application A.4.5 (Outdegree of a typical vertex). Since f*(w,,w) = L{w > w,}
for f(u,we, w) = L{w > w,}, we have that

E[deg¢(0) | W] = svsh(W,) = svsWop i (Ws).
Application A.4.6 (Finite-range truncation). For f(u,w,, w) = 1{u = Vyvsw,, w >
W}, we have that f*(wy, w) = 1{w > w,} f{;:/wa o(u) du, and hence,
o0

Eldeg;(0) | Wo] = svWo E[L{W > W,}W* /V e

< SUSWOE[W“ /VC:;WG o(u) du].

o(u)du ‘ Wo}

We further bound the expression in Application A.4.6 using the fact that ¢ and 1 — F
are assumed to be regularly varying with suitable indices.
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Lemma A.4.7. As s — oo, we have that

oo
E[W“/ o(u) du} IS O(Vz)(lfa)/Q).
V,/We

Proof. We first consider the simple case where a = 0. Then, Karamata’s theorem
[94, Theorem 0.6 (a)] implies that for large V, we have that E[deg;(o) | W,] <
c15vsWoVop(V,), for some constant ¢; > 0. Again, by the regular variation of ¢, for
all sufficiently large V,, we have that ¢(V,) < coV, @ t@=1/2,

For a > 0, we distinguish between the cases where V, < MW?, and where V, >
MW for some large M > 0. This allows us to bound the integral with respect to the
function ¢, and we obtain that

e [ etad] < (()") + v [1{()" > whe(i)]

for some constant ¢z > 0. Let ¢ := (o — 1)/2. Then, the regular variation of ¢ implies
that for a suitable ¢4 > 0 we have

(Vo/M)M® (Vo/M)M®
/ @(%)F(dw) < 04‘/0_a+€/ w™ =% F(dw)
0 0

< Caftg(a—e)V, @ T/

)

where we have also used that regularly varying functions can be bounded by polynomials
with a slightly weaker exponent [see 94, Proposition 0.8]. On the other hand, we can
express the first term using the ath moment of W 1{W > (Vo/M)Y/*} as

w((5) ) = [ Faw) = a [T e (W e ()} ) an

o

Handling the cases r < (Vo/M)Y® and r > (Vy/M)'/® separately,

o

() =B 0= r () ) e [, 0= P

Since 1 — F' is a regularly varying function with tail index 3, we can bound 1 — F(r)
by csr—Ptale=1)/2 for all suitably large r, where cs, ¢g > 0 are constants:

oo

M+((%)1/a) < s (%)1—ﬁ/a+(a—1)/2 + esa /(VO/M)lN po—1=B+ala=1)/2 4,

= 06‘/01_(6—‘1(0‘—1)/2)/11

)

where we have used again [94, Theorem 0.6 and Proposition 0.8]. Now, since § > a«
we see that 1 — (5 —a(a —1)/2)/a < (1 — «)/2, which finishes the proof. O

After having discussed these specific applications, we now turn to the proof of
Lemma A.4.3.
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Proof of Lemma A.4.3. First, by Campbell’s formula [66, Proposition 2.7],
Eldeg (o) | W, = s/RdIE[f(\B|I|(o)], Wo, Wa)ps(0, Wo: 2, W) | Wo] da.

Now, switching to spherical coordinates, substituting u = v/(vsx(W,, W)), and
applying Fubini’s theorem yields

o0

Eldegy(0) | Wol =5 | B[ (0, Wo, W0/ (0ur(Wo, W) | W] do

= st [ E[R(Wo, W) (w0 W, W), Wos W) (a) | W] du
= su W, B[1{W > Wo}w* /OOO FuvsWo W™, W, Wp(u) du ‘ W)
s WEE[LW < W [ FawsWoW, W, Wplu) du | 7],
as asserted. ]

As an immediate application of the above discussion, we can prove Lemma A.2.1.

Proof of Lemma A.2.1. By the Mecke formula and reparametrization, we have
E[D)=E[ Y 1{deg(x) =k in G(P,,v,)}]

wEﬁSF‘IH
= sP(deg(o) =k in G(ﬁs,vsmf—”

= SE[ 1 (s0,h(Wo))* exp(—sv h(W,))] |H| = |H],

where we have also used that, given a fixed value of W, deg(o) is a Poisson random
variable with parameter

E[deg(o) | W,] = /]R Elpa(o, Worw, W) | W,] dz = suah(W,).

This finishes the proof. O

A.4.2 Proof of Proposition A.4.1

Proof of Proposition A.4.1 Part 1: Mark approximation. We perform the proof in
three steps.

Step 1. Before performing the main mark approximation, we neglect the largest
marks. For this, let

£ = Z 92(177755;05)5907

936733

where gf(x, Py; vs) = gi(z, Ps;vs) 1{W, < ¢} and ¢ is such that u_(c) > 0. Then,
using that & and & are defined on the same probability space, Markov’s inequality
and the Mecke theorem,

dkr(€s, €5) < Eldrv(&s, £9)] = E[(&s — &) (H)] < sE[y(s)],
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where ¢°(s) == 1{W, > ¢,deg(0) = k in G(P,,vs)}. Then, sE[¢(s)] = E[fS(W,)
1{W, > c}], with

FEW) = i (sush(Wo))" exp(—sush(W,)) < Crs exp(—svsh(Wo) /2),
where we have used that sup{z* exp(—z/2): x > 0} < co. Now we can further bound,
sexp(—svsh(W,)/2) 1{W, > ¢} < sexp(—svsc®u_(c)/2) = sexp(—svswics/2),

with ¢; = ¢*p—(c)/w?. Note that limgyes ¢ > 2 since wy, — 0 and, invoking Assump-
tion A.1, svsw? > 2log(s) for all sufficiently large s. Hence,

;%Iglosexp(—svscaﬂ_ (¢)/2) < ;iTIglosexp(—Zlog(s)) =0.

Step 2. Following the same initial arguments as in Step 1, we now remove marks
W, > w!. More precisely, we then have that dxgr(5, ;"g) < E[fs(W,) I{w? < W, <
c}], where

Fo(Wo) = & (s0sh(W,))" exp(—svsh(W,)) < Crs exp(—svsh(W,)/2).
Now, we bound slightly differently. For large values of s,
sexp(—svsh(W,)/2) I{w?! < W, < ¢} < sexp(—svsw!py(c)).

Again, using Assumption A.1, the right-hand side tends to 0 as s — co.

Step 3. We now come to the main mark-approximation step. We may bound, as

above,
n

dkr(E%,€27) < sE[1(s)],
where £ = 37 5 G (2, Ps; v5)0p and ¢(s) = ¢1(s) {W, < wl} + va(s) L{W, <
w?} with
1(s) = 1{deg(0)
a(s) == 1{deg(o)

in G(PZ"°, v,)} 1{deg(0) > 0 in G(P="°, v,)}

=ki
=k in G(Ps,vs)}  1{deg(0) >0 in G(P:" v,)}.
Here, ﬁfWO denotes the Poisson point process P, restricted to points with marks > W,,.
In words, ¥ (s) bounds the indicators of the two events that £¥ contains a point not
contained in {;"g and vice versa.

Using the fact that 758 is an independent superposition of 753W0 and 738<W0, we
can use the Mecke formula to write s E[11(s) 1{W, < w7}] = E[f1(W,) 1{W, < w}],
with

fsl(Wo) = %(SUSWOM+(W0))’€ eXp(_SUSWoNJr(WO))(l - eXp(—S’Ung,Uf(WO)))-

Now, under the event {W, < w?}, we have that sv,Wou_(W,) < sv,w@tD1F(w?),
where we have used Lemma A.3.1 (1) to upper bound p_(W,). Next, we invoke Part 5
of Lemma A.3.1 to argue that sv,w@tV1F(w?) < w(etV1=1og(s)F(w?). But, since
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wetn=1 < w7 0=M we have that w(*D7 1 log(s)F(w?) < w; =" log(s)F(w?).
Now, we employ Assumption A.2 with an arbitrary value of K > 0 to conclude that
susWin—(W,) € o(1) if {W, <w?}. (A.6)
Hence,
E[fL(W,) | Wo] < exp(svswlDMF (w?)) (1 — exp(—svsw @ VF(w?))) — 0.
For the second term v, we write s E[1o(s) 1{W, < w1}] = E[f2(W,) 1{W, < wT}],
with

k
200,) = 53 g (s W (W) exp(—sus Wi (W,))

X ek (50 Wt (o)~ exp(—s0,Wopi (W,)
k
3 p—(Wo) ¢ (Wopt (Wo) \
:ﬂ(svsh(Wo))kexp —svgh ;( )( WO) )( h/z;;Vo) ) |

Again, invoking (SCG), it suffices to show that

Kk (WU (WNE  Wopp (W) k= Wttt (Wo)\ k
() () ) =1 (™)

tends to 0, which is true by Lemma A.3.1 (3) and (4). O

Proof of Proposition A.4.1 Part 2: Reach approximation. We again invoke the Mar-
kov inequality and the Mecke formula to estimate,

dkr (67, E°C1F) < SE[W(s)],
where o' = ¢§ {W, <w]} + 5 {W, <wl} with Eg = B, y, v, (s)/vy)1/4(0) and

P (s) = 1{deg(0o) = k in G(PZ"° N By, vs)} 1{deg(0) > 0 in G(PZ"* N ES, v,)}
Ph(s) = 1{deg(0) = k in G(PZ"°, v)} 1{deg(0) > 0 in G(PZ"° N E¢, v,)}.

Recall that we set V,(s) = w; K0~ for n € (0,1) and K > 0 and hence limspoo Vo(s) =
0o. Note that, conditioned on W, the Poisson point processes 73>W00E and P>WOOEC
are independent and thus, s E[1](s)] = E[f}(W,) 1{W, < w"}] with

fHWo) = 71 (5vsWoptt (Wo, Vé(s)»k exp(—s0s Wi+ (Wo, Vo(s)))
(1 - exp(_svsWoﬂ—(Wm VO(S))))

where we have used the notation
fig (Wo, V) = E[n{w > WO}W“/]l{u < V,/We(u) du ‘ WO} and

i (Wo, Vo) = E[1{W > W,}w* / L{u > V,/W*hp(u) du ‘ W,|.
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As before, we use the first part of /! to compensate for the coefficient s and the second
part to achieve the convergence to 0. Using Lemma A.4.7, we bound pn_(W,,V,) as

follows: -

i (W, Vo) <E[W* /V e

for some constant ¢ > 0, where 6 := (a — 1)/2. Noting that Wy, (W, Vo(s)) < h(W,)
we have

A, < H(svsh(Wo))k exp(—svsh(W,)) exp (svsw’g7 (cwB=mo 1 w?“F(wQ)))

o(u) du} <yl

X (1 - exp(—csvswngK(l*”)&)),
where we have used that, employing Lemmas A.3.1 and A.4.7,
h(Wo) = Woliy (Wo, Vo) = Wi (Wo, Vo) + Wepn_(Wy) < eWoV,; 0 + WITLE(W,).

Arguing as in the third step of the mark-approximation proof above, by (A.6), we
have that exp(sv,w(@T)") F(w?) — 1, and hence, using (SCG),

S
E[fH(W,) | W,] < C exp(csvawTHEI=m9) (1 — exp(—csvswngK(l*”)‘s)).
To see that sv,w?HK(1=m9 ¢ (1), we invoke again Lemma A.3.1 (3) and Assump-
tion A.3 to see that for some ¢ > 0,
sv,wTHEI=MO < M og(s)THEA=mI=1 _

For 1, we can argue similarly to the second error term in Step 3 of the proof
of the mark approximation. More precisely, we have sE[5(s) 1{W, < w!}] =
E[f2(W,) 1{W, < w"}] with f2(W,) defined as

gﬁ (S0 (W, Vo) expl—s0, Wi (Wo, Vo(s))

< ! 7 (0ol (Wo, Vo()) ™" (1 = exp(—s0sWoft (W, V()

= oW o) e 3 (T e
< S G, ot [y (LRl

Again, using (SCG) and (A.6), it suffices to show that, under the event W, < w?,

f—(Wo, Vo(s)) o E[Wa Js(s) e (1) du}

:&+(Wo,Vo(S)) = ]E[Wa l{W > wg} f()VO(S)/Wa cp(u) du} S 0(1).

This is true since, first for the numerator, for all u, we have E[W®* 1{W* > V,(s)/u}] <
o and also limgpee E[W* 1{W* > V,(s)/u}] = 0 and thus, using dominated conver-
gence,

llTIOI(l)IE[W“ /Vjs)/wa o(u) du} = /OOO o(u) E{W“ {we > Vo(s)/u}] du = 0.
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On the other hand, for the denominator, for all u, we have E[W®* 1{W > w!} I{W* <
Vo(s)/u}] < pe and limgoo E[WI{W > w7} I{W* < V,(s)/u}] = pe and thus,
again by dominated convergence,

o

limE[Wa/ o(u) du} = / ga(u)E[W“ H{we > Vo(s)/u}} du = pg.
8700 Vo(s)/Wa 0
This finishes the proof. O

A.4.3 Proof of Proposition A.4.2

To prove Proposition A.4.2, we employ [16, Theorem 4.1]. To express the considered
functional in the framework of [16, Theorem 4.1], we first introduce additional notation.
To each point & we associate a deterministic compact set SV () from which the score
function of interest can be computed with high probability. In addition to .S V(:D), [16,
Theorem 4.1] also allows for the use of a more refined localization set S(«x,w), which
may be random in general. In the current setting, we do not require this additional
flexibility, as we have already implemented a truncation step at the beginning of
Section A.4. Therefore, we set S(x,w) = SV (x) = By, w, v ug)1/a(2), to be the ball
of volume v W,V around x.

Then, [16, Theorem 4.1] bounds the KR-distance between the process of interest
and a Poisson point process by a sum of four quantities. The first of them is the
total variation between the corresponding intensity measures. The remaining three
quantities, denoted by Fy, Fo, E3, concern higher-order deviations. Note that, since we
choose S(z,w) = S (x), E; = 0. Hence, we formally state three remaining separate
auxiliary results, Lemmas A.4.8-A.4.11 below.

We begin with the intensity measures. By the homogeneity of the approxima-
tions, the intensity measure Ly(dz) of &V o(s)wi hag the constant Lebesgue density
Jo ]E[g{o(5>»w?(m,ﬁs)]KS(dm), where g,‘;"(s)vw;} = ngWzVo(s),wZ for brevity.

Lemma A.4.8 (Convergence of intensity measures). Under Assumptions A.1-A.83,
we have that
;%ro% dtv(Ls,Leb) = 0. (A.7)

Proof. First, note that
Vo(s)wd (. 55
drv(Ls, Leb) < ( | Elg (z, Py)|BK () — 1\
—Vo(s)vw;] D) D)
< [ B3 @.Py) - (@, P K. (d2)

s),wy ~ D
< SE[jg " (0,Py) — gi(0,Ps)| | Wol,

where we have used Lemma A.2.1 and the Mecke formula. Step-by-step reintroducing
the mark- and reach approximations, we see that

SE[|gy " (0, Pa) — gi(0, Pu)|] < SE[6<(s) +1(s) + ' (s)],

where E° is the expectation with respect to the Palm distribution of the point process ﬁs,
that is, the conditional distribution of Ps given that it contains a point at the origin.
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The right-hand side tends to 0 as s tends to infinity using the same arguments as in
the proof of Proposition A.4.1. O

As described above, the following statement is immediate.

Lemma A.4.9 (Convergence of Ey). We have that

lim QE[n{S(m,ﬁs) g §Vo() (z) g ()" (@, P,)| Ko(dm) = 0. (A.8)

Here are the remaining requirements.

Lemma A.4.10 (Convergence of Es). If Assumption A.2 holds, then we have that

52%/ SO (@) n 50)(2) # o}
x E[g, Vo(s)wg (z,Ps)] E[g, Yo(s)wd (2, Ps)]Ky(dz)Ky(dz) = 0

(A.9)

Proof. By symmetry, we can insert 2 1{W, > W,}. Then, under this event,

]]_{Sv(;( ( ) SVo ( ) 75 @} ]]_{]j - Bz(vsvo(s)wz/yd)l/d(z)}a

and hence, also using that W, < w! and translation invariance, the integral on the
left-hand side of (A.9) is bounded from above by

2401V, (s) E[sgre ™ (0, Py)%,

where lim oo E[s7)(5)%% (0, P,)] = 1 by Lemma A.4.8. Hence, using 1 < 2sF(w?) and
Lemma A.3.1 (5) we have for some ¢ > 0,

0w KO < clog(s)wy EHNA=M By,
which by Assumption A.2 tends to 0 as s — oc. O

Lemma A.4.11 (Convergence of E3). Under Assumption A.2, we have that

lim / 1{8"0)(2) n §%()(z) # 27}
SToo Q

) ) (A.10)
x E[g,° " (@, Ps U {z])g," ™ (2, Py U {a})K,(d2)K,(dz) =

Proof. Again, by symmetry, we may insert the indicator of the event 1{W, < W,}, to
obtain 1{Sv*()(x) N SV°)(2) # &} < 1{z € By (v, v, ()W, fwg)1/4(7) }- The important
observation is that gy°(*) Wi (g, Py U {z}) only takes into account nodes with weight

exceeding W, and therefore the point z can be neglected. As W, < wl, the integral
in the left-hand side of (A.10) is bounded above by

2P (w)) [ 1S (@) N §0(z) # 2} Blg O (@, Pu) K (42K (do)
<2P@) [ 1 € By, s ()Y EGE O (@, PIK.(42) B, (do)

< 4svswlV,(s) F(wl) E[Sg_],‘c/o(s)’ws (0,Ps)],

s
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where limgpoo E[sﬁ,yo(s)’wg (0,Ps)] = 1 by Lemma A.4.8. For this, invoking again
Lemma A.3.1 (5), we have for some ¢ > 0

svswl KO- F () < clog(s)wy KHO= p(un),

which by Assumption A.2 tends to 0 as s — oo. O
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Paper B

On the topology of higher-order
age-dependent random
connection models

Christian Hirsch and Péter Juhdsz

Abstract: In this paper, we investigate the potential of the age-dependent
random connection model (ADRCM) to represent higher-order networks. A key
contribution of our work is the derivation of probabilistic limit results in large
domains. More precisely, we first prove that the higher-order degree distributions
have a power-law tail. Second, we establish central limit theorems for the
edge counts and Betti numbers of the ADRCM in the regime where the degree
distribution is light-tailed. Moreover, in the heavy-tailed regime, we prove that
asymptotically, the recentered and suitably rescaled edge counts converge to a
stable distribution. We also propose a modification of the ADRCM in the form
of a thinning procedure that enables independent adjustment of the power-law
exponents for vertex and edge degrees. To apply the derived theorems to finite
networks, we conduct a simulation study illustrating that the power-law degree
distribution exponents approach their theoretical limits for large networks. It also
indicates that in the heavy-tailed regime, the limit distribution of the recentered
and suitably rescaled Betti numbers is stable. We demonstrate the practical
application of the theoretical results to real-world datasets by analyzing scientific
collaboration networks based on data from arXiv.

Disclaimer: This chapter is a copy of the below publication without significant
modifications compared to its published version.

C. Hirsch and P. Juhdsz. On the topology of higher-order age-dependent random connection
models. Methodol. Comput. Appl. Probab., 27(2): Paper No. 44, 41., 2025.

The specific changes made to the paper, apart from minor typographical correc-
tions, are listed in Section Errata.






B.1. Introduction

B.1 Introduction

In recent decades, the field of complex networks has emerged as a powerful framework
for analyzing systems whose properties cannot be understood by studying their parts
in isolation. The human brain, collaboration among researchers, the interaction of
chemical elements, technological infrastructures, or the evolution of species are some
examples of complex systems in which studying the relationships between the parts is
inevitable [6, 53]. For instance, a collaboration network of scientists based on data
from arXiv is illustrated in Figure B.1, where vertices represent authors of publications
and a simplex represents each document.

In addition to a descriptive approach, it is often desirable to develop a stochastic
model for generating synthetic networks. The key advantage of creating such a
stochastic model representation is that it enables a more refined analysis and a tool to
understand properties of a complex system more deeply. Through this approach, it
becomes feasible to reveal effects that remain hidden in an actual dataset, particularly
if its size is not large enough. For an excellent discussion on complex network models
as null models, we also refer the reader to van der Hofstad et al. [103].

The traditional approach to modeling complex systems relies on binary networks,
where vertices represent the parts of the system, and the connections between them
define their relationships. At the turn of the century, the field of complex networks
experienced a rapid growth due to the insight that networks occurring in a wide variety
of disciplines share a common set of key characteristics.

In their seminal work, Barabasi and Albert [3] discovered that many key empirical
features of complex networks are explained by a surprisingly simple preferential
attachment model. Loosely speaking, it provides mathematical precision to the idea
that many real networks emerge through a rich-get-richer mechanism. In addition to
the broad impact of network science in various application domains, complex networks
have also become the subject of intense research activity in mathematics, where
rigorous mathematical proofs have been provided for many of the effects previously
empirically identified in network science [102]. In particular, the analysis of large

Figure B.1: The largest component of a higher-order network of scientists
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preferential attachment models has become a highly fruitful research topic leading to
results such as the limiting distributions of various network characteristics [30, 31].

One of the shortcomings of the standard preferential attachment models is that they
lead to tree-like structures, thus failing to reproduce the clustering property observed
in real-world networks. To address this issue, among others, spatial variants of the
preferential attachment models have been proposed [57, 58]. Here, the network nodes
are embedded in Euclidean space, allowing the preferential-attachment rule to take
spatial positions into account. While the embedding produces the desired clustering
effects, it complicates the mathematical analysis. Subsequently, it was realized by
Gracar et al. [40] that a simplified construction rule could also realize the decisive scale-
free and clustering properties of the spatial preferential attachment mechanism. In the
age-dependent random connection model (ADRCM), the connection probability to an
existing vertex now depends on the age rather than the in-degree of that vertex. In
particular, knowing the age of a vertex does not require any information on the network
structure in the neighborhood of that vertex. This provides a significantly greater
degree of spatial independence, which substantially simplifies many mathematical
derivations. Later, Komjathy and Lodewijks [64], Gracar et al. [42] described a more
general framework for incorporating weights into the connection mechanism.

As traditional network analysis was designed to study pairwise relationships between
entities, simple network models are not capable of modeling higher-order interactions
involving more than two entities. The study of higher-order network models has recently
gained special attention due to its ability to capture these multibody relationships
that a simple network model cannot handle. Among others, the need for higher-order
relationships arises in scientific collaboration networks. Beyond collaboration networks,
the study of group relationships can already explain several phenomena, such as the
synchronization of neurons or the working mechanism of supply chain routes [108].

We model higher-order networks using simplicial complexes, which generalizes
a graph to represent group interactions among more than two entities. In this
framework, relationships are represented by simplices of various dimensions. For
example, a 0-simplex is a vertex, a 1-simplex is an edge, a 2-simplex is a triangle
representing a three-way relationship, and in general, a k-simplex corresponds to
a set of kK + 1 interconnected vertices. The key benefit of modeling higher-order
networks with simplicial complexes is that we can describe the networks using tools
from topological data analysis (TDA), which provide further insights compared to
those of traditional graph-theoretic analysis. This form of analysis was carried out in
several studies [2, 20, 83, 90].

While these studies investigate different datasets and rely on different TDA tools
to analyze them, none of these works proposes a mathematical model to represent
such higher-order networks. Previously, Fountoulakis et al. [37] considered a stochastic
model for higher-order complex networks. However, as this model relies on a form of
preferential attachment mechanism, even deriving the asymptotic degree distribution
is highly involved. In contrast, since the ADRCM relies on a far simpler connection
mechanism, we can derive results in the present paper that are substantially more
refined than those based on the degree distribution.
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The main contributions of the present work are as follows:

(1) We begin by rigorously proving that the higher-order degree distributions follow
a power law.

(2) As a basis for hypothesis tests, we provide central limit theorems (CLTs) and
stable limit theorems for the edge count and Betti numbers.

(3) Recognizing the limitations of the ADRCM, we propose a model extension of the
ADRCM capable of matching both any given admissible vertex- and edge-degree
exponents.

(4) Since these results are proved in the limit for large networks, we support the
validity of these results for finite-size networks through conducting a simulation
study.

(5) Showing the convergence of the related quantities for finite-size networks, we
proceed by developing statistical tests for finite networks based on the number
of triangles and the Betti numbers for different parameter regimes.

(6) Finally, we illustrate the use of these hypothesis tests for analyzing real-world
collaboration networks.

We now expand on the above points in more detail, referring to Section B.2 for further
information.

As discussed earlier, the ADRCM stands out as an appealing model due to its ability
to replicate key features—power-law distributed vertex degrees and a high clustering
coefficient—observed in real-world complex networks, while also being mathematically
tractable. In light of this, our approach utilizes the ADRCM as a foundation and
endows it with a higher-order structure by forming the cligue complex. That is, the
simplices in this complex are the cliques of the underlying graph. A set of k+ 1 vertices
forms a k-simplex if and only if it is a k-clique, i.e., if and only if there is an edge
between every pair of the k£ 4+ 1 vertices.

While for binary networks, the degree distribution is arguably the most fundamental
characteristic, for higher-order networks, it is essential to understand also higher-order
adjacencies. Hence, to extend the concept of degree distributions to higher-order
networks, we draw upon the idea of generalized degrees introduced by Bianconi and
Rahmede [11]. For m’ > m, one considers the distribution of the number of m’-
simplices containing a typical m-simplex as a face. For instance, the standard vertex
degree corresponds to the scenario where (m,m’) = (0,1). One of the fundamental
findings by Gracar et al. [40] is that in the ADRCM, the vertex-degree distribution
satisfies a power law. As another example, for (m,m’) = (1,2) the edge degree counts
the number of triangles adjacent to a given edge. In Theorem B.2.1, we show that the
generalized degrees also adhere to a power-law distribution. Furthermore, we relate
the exponents of the higher-order degree distribution to the exponent governing the
vertex-degree distribution. We pay special attention to the edge-degree distribution,
since the formation of triangles in complex spatial networks is also of high interest for
determining the clustering coefficient, as explored by van der Hofstad et al. [103, 104].
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In our second main result, we find that the distribution of the recentered and
rescaled edge count in the ADRCM converges to a normal distribution for light-tailed
degree distribution and to a stable distribution for heavy-tailed degree distributions
(Theorems B.2.3 and B.2.4). Based on our simulation study, we conjecture that these
asymptotic results can be extended to higher-dimensional simplices.

Next, turning our focus to the features relevant in TDA, we continue with the
analysis of the distribution of the Betti numbers of the clique complexes generated by
the ADRCM. Betti numbers are topological invariants that quantify the number of
holes in different dimensions within a simplicial complex, which describe the higher-
order connectivity of a network:

o the Oth Betti number 5y counts the number of connected components;
e the 1st Betti number 3; is the number of independent loops in the network;

e the 2nd Betti number s captures the number of voids enclosed by triangular
faces.

Higher Betti numbers continue this pattern, corresponding to higher-dimensional holes.
Siu et al. [98] derived asymptotic expressions for the growth rate of the expected
Betti numbers in nonspatial preferential attachment models. In contrast, the focus
of our study is on the fluctuations around the expectation, enabling the application
of hypothesis tests. In Theorem B.2.2, we prove a CLT for the Betti numbers if the
degree distribution is sufficiently light-tailed. We also conjecture that for other values
of the model parameters, the distribution of Betti numbers follows a stable distribution.
Again, this hypothesis gains credibility through the results of our simulation study,
supporting the above conjecture.

By analyzing the empirical distributions within the arXiv dataset, we find that the
relationship between the exponents governing vertex and edge degrees, as stated in
Theorem B.2.1, is too rigid to be applicable in real-world scenarios. To address this
limitation, we present a model extension that provides greater flexibility to the original
ADRCM by introducing a new parameter. The primary challenge in establishing this
result is to ensure that we can independently adjust the edge-degree exponent while
maintaining the vertex-degree exponent. More precisely, we proceed as follows: First,
we adjust the original parameters of the ADRCM to increase both the vertex- and
edge-degree exponents, so that the edge-degree exponent reaches the desired value.
Then, we apply a dependent thinning operation involving the random removal of
a fraction of certain edges that do not affect the edge-degree exponent, but which
decrease the vertex-degree exponent. These steps lead to the desired greater flexibility
between vertex and edge degrees formalized in Theorem B.2.5.

Our theoretical results presented above hold in the limit for extensive networks.
For applications to real data, we accompany our theoretical results with a simulation
study.

o First, we explore the finite-size effects on higher-order degree distributions by
examining the rate of convergence of the degree distribution exponents to their
theoretical limits. We observe that the fluctuations of the exponents around
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their theoretical values decrease as the network size increases. The simulations
also reveal that apart from their fluctuations, the exponents have a bias due to
the finite size. An interesting aspect of the simulation study is that, through
Palm theory, we can simulate typical simplices in infinite networks that are free
from finite-size effects.

e Simulating three sets of networks with different model parameters, we validate
our theoretical results regarding the edge-count distributions. Furthermore, we
also estimate the parameters of the distributions that are not explicitly derived
in the theorems. Finally, we discover the finite-size effects that are the most
prominent in certain boundary cases.

o As for the exploration of the edge-count distribution, we conduct a similar analysis
for the Betti numbers. This analysis supports our conjectures concerning the
stable distribution of Betti numbers.

Next, we demonstrate the application of the theorems to four real-world collabora-
tion networks of scientists based on arXiv data. After a general exploratory analysis,
we analyze the vertex- and edge-degree distribution exponents.

Based on the fitted vertex-degree exponents of the datasets, we fix the model
parameters to use the ADRCM for further analysis of collaboration networks. These
fitted parameters guarantee that the vertex-degree exponent and the edge count are
modeled correctly. Thus, instead of the edge count, we conduct hypothesis tests based
on the triangle count, where the null hypothesis is that the ADRCM well describes
the dataset. Similar tests are also conducted for the Betti numbers.

The results of the hypothesis tests reveal that the topological structure of scientific
collaboration networks is highly complex. In particular, an elementary two-parameter
model, such as the ADRCM, is not enough to capture all aspects of higher-order
networks.

The rest of this paper is organized as follows. Section B.2 presents our main
theoretical results regarding higher-order networks generated by extending the ADRCM
model to a clique complex. Sections B.3, B.4, B.5, B.6 contain the proofs of the
theorems stated in Section B.2. Section B.7 details the simulation study to demonstrate
the validity of the asymptotic results discussed in Section B.2 for finite networks.
Section B.8 illustrates the application of the ADRCM model to higher-order networks
of scientific collaborations. Lastly, Section B.9 provides a summary and outlines ideas
for future research directions.

B.2 Model and main results

The higher-order network model discussed in this paper is an extension of the ADRCM,
which we recall here for the reader’s convenience. In this network model, vertices arrive
according to a Poisson process and are placed uniformly at random in the Euclidean
space. Two vertices are connected with a probability given by the profile function,
which is a function of the distance and the ages of the vertices.
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As justified below, we restrict our attention to the special case of latent Euclidean
dimension d = 1 and profile function ¢(r) = 1{r € [0,1]}. Let P = {P;} =
{(X;,U;)}i>1 be a unit-intensity Poisson point process on R x (0,1}, let 5 > 0 and v €
(0,1). Then, for (z,u),(y,v) € R x (0,1] with u < v, there is an edge from (y,v)
to (z,u), in symbols (y,v) — (x,u), if and only if

o —y| < Gu om0,

where 8 > 0 is a parameter governing the edge density. We henceforth denote this
network by G = G(P).

We stress that the framework developed by Gracar et al. [40] allows treating
arbitrary dimensions and far more general connection functions. However, the results
by Gracar et al. [40], van der Hofstad et al. [104] indicate that many of the key network
properties, such as the scaling of the vertex degrees or the clustering coefficient,
depend neither on the dimension nor the connection function. We expect that a similar
observation holds for higher-order characteristics; therefore, we decided to work with
the simplest form of the ADRCM, which significantly reduces the level of technicality
in the presentation of the proofs.

While G determines the binary vertex interactions, in many applications, higher-
order interactions play a crucial role. The key idea for taking this observation into
account is to extend G to a simplicial complex. The most popular approach for
achieving this goal relies on the cliqgue complex [33]. Here, a set of k + 1 vertices
forms a k-simplex if and only if it is a k-clique, i.e., if and only if there is an edge
between every pair of the k + 1 vertices. To ease readability, we will henceforth also
write G = G(P) not only for the binary ADRCM network but also for the clique
complex generated by it.

While Gracar et al. [40] analyzes several key characteristics of the ADRCM consid-
ered as a binary network, we focus on its simplicial structure. Specifically, we deal with
the higher-order degrees and the Betti numbers, which we introduce in Sections B.2.1
and B.2.2, respectively.

B.2.1 Higher-order degree distribution

Arguably, the most fundamental characteristic of complex networks is the degree
distribution. While the standard degree distribution provides an important summary
of a complex network, it ignores higher-order structures. Therefore, Courtney and
Bianconi [24] argue to consider generalized degrees that can convey information on
the adjacency structure of simplices of varying dimensions.

To define the typical vertex degree, the idea is to add to P a distinguished typical
vertex of the form o = (0,U) where U is uniform in (0, 1] and independent of P [40].
We let G, = G(P U {o}) denote the ADRCM constructed on the extended vertex
set. Then, the typical vertex degree is that of o in G,. We define the tail of the
vertex-degree distribution dy (k) to be

doJ(kZ) = P(degl (O) 2 k?),

i.e., the probability that the typical vertex degree exceeds k£ > 0. In this context,
Gracar et al. [40] proved that the ADRCM is scale-free in the sense that the degree
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distribution satisfies a power law:
lim log(do,1(k))/ log(k) = —1/7.
kToo

While higher-order vertex degrees provide a more refined picture than the standard
vertex degrees, it is also important to go beyond vertices by considering higher-
dimensional simplices as well.

To study generalized degrees, we define the higher-order degree of an m-
simplex A,, C G as

deg,, (Apm) =|{oc € G: 0 D Ay, |o| =m/ + 1},

represented as the number of m/-simplices containing A,,,. For instance, (m,m’) = (0,1)
recovers the standard vertex degree and the higher-order vertex degree deg,, (v) of
the vertex v denotes the number of m/-simplices that are incident to v.

To study the generalized degree distributions, we consider typical simplices via
the concept of the Palm distribution. Palm theory provides a rigorous framework for
analyzing typical objects in point processes. In our context, this allows us to define and
study a typical representative of the simplices in the network. Here, we describe the
specific setting needed in the present paper, and refer the reader to Last and Penrose
[66] for a more general introduction to Palm theory. For m > 0, we can consider the
m-simplices A,,, = {Py,..., Py} in G as a marked point process by centering A,, at
its oldest vertex c¢(A,,). Let T,,(P) denote the family of m-simplices in the clique
complex on GG. Then, the expectation of a function f of the typical m-simplex A}, is
given by

E[f(A,P)] =1 E[ 3 1e(d) € 0, 11F(A—c(A), P~ e(a)],  (BY)
M AT (P)

where \,, > 0 is the simplex density and where f: Cp, XxNjoc — [0, 00) is any measurable
function from the space Cy, of distinct (m + 1)-tuples of points in R x (0, 1] and the
space of locally finite point processes Njoc to [0,00), and which is symmetric in the
first m + 1 arguments.

In the present paper, we extend the result of Gracar et al. [40, Proposition 4.1] by
considering the generalized simplex-degree distribution

e (k) = P(deg, (AT,) = k),
represented as the distribution of the number of m/-simplices incident to A¥,.

Theorem B.2.1 (Power law for the typical simplex degree). Let v € (0,1) and
m' >m > 0. Then,

Yim log(dumm (K))/log(k) = m — (m +1) /7.
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B.2.2 Central and stable limit theorems

As outlined in Section B.1, to decide whether a given model is a good fit for a dataset,
it is important to be able to carry out statistical hypothesis tests. In this work,
we discuss possible hypothesis tests that become asymptotically exact for growing
networks. While higher-order degree distributions are an important tool for describing
higher-order networks, they only provide a highly restricted view of the topological
structure. The idea behind TDA is to rely on invariants from algebraic topology for
extracting more refined shape-related information. In this context, one of the most
celebrated characteristics is the Betti numbers, which can be interpreted as the number
of topological holes in a dataset. For a more detailed explanation of Betti numbers,
we refer the reader to Hiraoka et al. [48]. One attractive way to develop a hypothesis
test is to show that the considered test statistic becomes asymptotically normal. This
is the content of the following theorem. Here, we write (3, , for the gth Betti number
of the clique complex G(P N [0,n]).

Theorem B.2.2 (CLT for the Betti numbers). Let ¢ > 0 and v < 1/4. Then,
2By — ElBny]) converges in distribution to a normal distribution.

A disadvantage of Theorem B.2.2 is that our proof imposes a substantial constraint
on the parameter 7. In particular, Theorem B.2.2 considers a regime where the
variance of the degree distribution is finite, while for many real-world datasets it is
infinite. Note that for v > 1/2, the ADRCM gives rise to extremely long edges, which
makes it difficult to control spatial correlations over long distances, which is the main
challenge in the proof. While we expect that by a more careful argumentation in the
proof of Theorem B.2.2, the range of v could be extended, we conjecture that the
asymptotic normality breaks down for values of v > 1/2. To provide evidence for this
conjecture, we now illustrate that a similar effect occurs for a more elementary test
statistic, namely, the edge count

Sp o= {(y,v) = (z,u): (y,v), (z,u) € P,z €[0,n]}.

The key observation is that depending on whether ~y is smaller or larger than 1/2,
the variance of S, at a typical vertex is either finite or infinite. Hence, we should only
expect a CLT in the finite variance regime. We show that this is indeed the case.

Theorem B.2.3 (CLT for the edge count). Let v < 1/2. Then, the quantity
Var(S,)~1/2(S,, — E[Sy]) converges in distribution to a standard normal distribution.

For v > 1/2 since the degree distribution is heavy-tailed, the right tails in the
edge count are more pronounced than those of a normal distribution. For many
combinatorially defined network models, such as the configuration model, the degrees
are taken to be i.i.d. from a given distribution. Hence, here the limiting vertex-degree
distribution follows from the classical stable central limit theorem [107, Theorem 4.5.2].
We also refer the reader to van der Hofstad et al. [103] for a discussion in this direction.
However, we are not aware of any existing corresponding results for spatial networks,
which often feature strong spatial correlations between the individual vertex degrees.
Hence, the main challenge in proving Theorem B.2.4 is to understand and overcome
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these correlations to extend the results from the combinatorial networks to spatial
network models.

Theorem B.2.4 (Stable limit law for the edge count). Let v € (1/2,1). Then,
n=7(S, —E[S,]) converges in distribution to S,-1, where S is a v~ *-stable distribution.

B.2.3 Model extensions

Theorem B.2.1 expresses the power-law exponent of the vertex-degree distribution and
the edge-degree distribution in terms of v. However, as we will illustrate in Section B.8,
when analyzing datasets of scientific collaborations, the relation between the vertex
and edge exponents suggested in Theorem B.2.1 may often be violated in real datasets.
More precisely, for a given vertex-degree exponent, we found the edge degrees in the
data to be substantially more heavy-tailed than suggested in Theorem B.2.1. In other
words, real datasets exhibit a larger proportion of edges incident to many triangles
than what can be realized by the ADRCM. Alternatively, we could choose = to match
the power-law exponent of the edge degrees in the data. In this case, however, the
vertex degrees of the fitted model would exhibit too heavy tails.

To address this shortcoming, we propose a model extension thinned age-dependent
random connection model (TADRCM), where we remove some edges so that the power-
law exponent of the edge degrees is not affected. The key observation is that for edges
with high edge degrees, typically, both endpoints are very old. However, only a tiny
proportion of vertices connect to more than one very old vertex. More precisely, we
say that an edge (z,w) — (x,u) is protected if w < 2u or if there exists a vertex (y,v)
with v < 2u < 4v with (z,w) — (y,v). An edge is exposed if it is not protected. Then,
we define the TADRCM G™7 of G by independently removing exposed edges. The key
idea is to use a retention probability of ", where n > 0 is a new model parameter. Our
next main result is the following analog of Theorem B.2.1 for the thinned model, where
d™  is defined as dym.m, except that we use the TADRCM instead of the ADRCM.

m,m

Theorem B.2.5 (Power law for the thinned typical vertex and edge degree). Let
v € (1/2,1) and n € [0,7) be such that 2/v —1>1/(y—mn). Then,

(a) limgpoo log(dg ', (k))/ log(k) = —1/(y —n), and

(b) limyoo log(dy () / log(k) = —(2/7 — 1).

We stress that alternative approaches also exist to enhance the flexibility of the
ADRCM. For instance, van der Hofstad et al. [104] introduced a different extension,
focusing on clustering properties. However, in the scope of our work, we found the
thinning-based model more convenient for two reasons. First, as shown in Theo-
rem B.2.5, the parameters v and 7 are transparently related to the vertex and edge
degrees, which substantially simplifies fitting the model to datasets. In contrast,
van der Hofstad et al. [104] discussed a model where the connection between the model
parameters and degree exponents is less obvious, and it is not immediate which combi-
nations of higher-order degrees can be realized in the model. Second, when carrying out
the proofs, it is convenient that in the ADRCM, the out-degree is Poisson-distributed
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independently of the vertex age. Although we expect that our proofs could be adapted
to the extension from van der Hofstad et al. [104], some steps would require additional
work.

B.3 Proof of Theorem B.2.1—power-law exponents for
higher-order simplex degrees

In this section, we establish Theorem B.2.1, i.e., we compute the power-law exponents
for the higher-order simplex degrees in the ADRCM. To achieve this goal, we consider
the lower and upper bounds separately in Sections B.3.1 and B.3.2, respectively.

To prepare the proof, we start with an integral representation for the distribution
of the typical m-simplex A . While (B.1) provides a conceptually clean definition
of the expectation of a function of a typical m-simplex, it is not ideal for carrying
out actual computations. For this reason, we derive an alternative representation in
Proposition B.3.1 below.

In this representation, we write o := o9 = (0,u) with u € (0,1] for the typical
vertex at the origin and

om = (01,...,0m) = ((y1,v1)s- -+, (Ym,vm)) € S™ == (R x (0,1])™

for the remaining vertices. Then, we let g,,(u, 0,,) denote the indicator of the event
that (09, 0,) forms an m-simplex in the ADRCM with u < v1 < -+ < vy,. Henceforth,
we let I.(z) == [x — /2,2 4+ /2] denote the interval of side length r > 0 centered
at x € R. We let Ny denote the family of all locally finite subsets of S.

Proposition B.3.1 (Distribution of the typical m-simplex). Let m > 1. Then,

B /01 Sm E[f({@ Om}, PU {0, Om})]gm(u7 Om) do,,, du

E[f(A7,, P)] T
/ A Im(u, 0p,) doy, du
0 m

for any measurable f: Cp X Nioe = [0,00), which is translation-covariant in the sense
that f((z +y,u), ¢ +9) = [((z,1),0) for every (z,u) €S,y € R and ¢ € Nige.

To ensure that the Palm version is well-defined, we need to show that the denomi-
nator is finite. We formulate this property as a separate auxiliary result. First, define
the function

o (0) == A Im(u, 0n,) dop,.

For instance, ug = 1 and also for m = 1, the expression simplifies. To that end, we
write

M(p) ={p' €S:p' = p}

for the set of all space-time points connecting to p € S. Then,
1
pla) = () = M) = [ Lun O do =207 =1)  (B2)
u
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is the expected in-degree of the typical vertex. That is, p(u) = E[Din(u)], where
Din(u) == |P N M(o)|

is the in-degree of the typical vertex o.
For general m > 1, we can derive the small-u asymptotics.

Lemma B.3.2 (Asymptotics for p,,(u)). Let m > 1, v € (0,1) and n > 0. Then,
fim () € O(u=17).

Proof. First,

1
/gm(ua Om) do,, < gmfl(ua Omfl) / ’IBv—W
S 0 m—1

= ;gm—l(uy 0m—1)v;ﬂ_1-

—(1-) (Ym—1)| dvm

v.

Next,

1
_ _ 1
/ng—l(u; Om—l)vmzln dom—1 < gm—2(u7 0m—2) / 51}mz2’l)m71n dvpm—1
Um—2
< %gm_z(u,om_z)vﬁ__?”.

Hence, iterating this bound yields that g, (u) < fmu=7"7/(yn™ 1), as asserted. [

Proof of Proposition B.3.1. Let g. (Fy,...,Py,) be the indicator of the event
that { Py, ..., Py} forms an m-simplex in the ADRCM with Uy < --- < U,,. Let ACR
be a Borel set with |A| = 1. Then

Py, Pm€PH!
Uo<-<Unm

Then, writing p = (p1,...,Pm), by the Mecke formula [66, Theorem 4.4],
Am B[f (A5, P)] = /A o / E(f({ro, p}, P U {po, P})] 9 ({ro, p}) dp dpo.
X s m

As |A| =1, a substitution p,, = o, + po and an application of Fubini’s theorem give
that

A E[f(AL, P)] = /01 [ Bl (0,00} P U {0.0m})]gm (1, 0) doy du

Hence, evaluating this equality for f = 1 concludes the proof. O
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B.3.1 Proof of the lower bound

Next, we prove the lower bound by relying on the Palm representation derived in
Proposition B.3.1. More precisely, we produce specific configurations of u, o, that
occur with sufficiently high probability and such that P(deg,,, (u, 0y,) > k) is bounded
away from 0.

Proof of Theorem B.2.1, lower bound. To ease notation, we put 8 := /2. First, let
p = P(P([0, 8] x [3/4,1]) = m') denote the probability that a (3" x 1/4)-box contains
at least m' Poisson points. Furthermore, let M := [2/p]. Then, consider the set
By C (0,1]™F x R™ given by

0 alm e R . f T JoNVY 41N
B, =[0,8k™ x B,  with B} = g[(m> , <W) ]
Since |Bg| € Q(k~(m+1/7+ ™) wwe only need to verify the following two items for every
(u, Om) € Byg.

(a) The (o0, 0,,) points form an m-simplex in the clique complex of the ADRCM.
(b) It holds that P(deg,,/ (u, 0n) = k) > 1/2.
For Part (a), note that every (u,0y,) € By in