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Exercise 5.13

Exercise

Find all maximal solutions of the equations

Y= rie 29 Hint: Exercise 4.18 Y= —2y°t
2 2
Y= Ty + (%) Hint: Example 1.5 7=y

defined on Dx =Ry x R.

Solution (first equation)

Let us treat first the first equation. The goal is, according to the hint, to transform the equation to the form

of gy = nyfl)t. Thus, we would like to use a linear spatial transformation so that
Xy(t,yp) = —2u5t. (1)
According to Definition 5.12, the relationship between the original and the transformed solutions is
y(t) = (t)yy(t) + 9(t), (2)

where ®(¢) in our 1-dimensional case is a scalar valued function. To get X (¢, yy), we can use formula (5.11)
from the book (which is derived by substituting the above expression into the original ODE):

_ : . _ . . Pyytg
Xy(t,yy) = @71 (—@yw—g+X(t,<I>y¢+g)) = ¢! <<I>y¢g+wt — 2(®yy +g)2>

where we neglected the ¢ arguments for simplicity, and used that X (t,y) = y/t — 2y?. We bear in mind that
our goal is to get back (1). Looking at the squared term we can guess that
g)=0 B()=t I,=R.
so we can define the linear spatial transformation as
Ry, ty(t)),

which fulfills all criteria of Definition 5.12 of linear spatial transformation, as ®(¢) = ¢ is invertible on R..
The transformed equation is the same as the ODE in Exercise 4.18:

g = Xo(tye)  Xy(tys) = —2y5t
Now we use formula 5.12 to define the region.
Dx, = {(t, yp) € Ty x F"[(t, ®yy + g) € Dx} = {(t, yp) € Ry xR (f,tyy) € Ry xR} = Dx

The transformed equation is the same as the ODE in Exercise 4.18, and can be solved the same way. The
only difference is the region of the solution: now we only need to consider positive ¢ values as Dx, = Ry xR.
The maximal solutions of the transformed ODE are in the form of (I, y,), where I and y,; are the following:

[=R, yu(t) =0

if <l and #0 then I=R (t) = !
i< 7 Yo — 24+ 1/n
if t2>1 and n<0 then - = Y (t):;
0 n v t2_t%+1/7]

1 1
i 2> = d 0 th N t)= 53—
i 0>77 an n > en ( ,oo> yw() tg_t(2)+1/n



where in all cases n € R and ¢y € R;.
Now we need to transform the solution and the domains back to the original case. Let us begin with the
solution:

y(t) = D(t)yp(t) + g(t) = tyy(?).
To get back the domain we use formula 5.14 from the book:

D(xw)wl =(Zy, xF")NDx = (R xR) N (Ry x R) = Dx.

So for the sake of completeness, the maximal solutions are the following:

I=R, y(t) =0
if 3 < 1 and n#0 then I=R, y(t) = _
n 2 —t2+1/n
if 2 > 1 and n<0 then I= <0 3 — 1) y(t) = P
Ul ’ n 2 —t2+1/n
if 2 > 1 and n>0 then I= ( 3 — 1 oo) y(t) = _
n n’ 2 —t2+1/n

Solution (second equation)

Now we can move on to the next equation, where the goal is to transform the equation to the form of 7, = yi)
We use a linear spatial transformation so that

Xyt y) = v (3)
Substituting the formula (5) from Definition 5.12 into the original ODE, or using formula 5.11 again:
_ . . _ : o Pyy + Dyy + g)?
Xyt yy) =@ (—‘Pw — g+ X (t,yy +g)> =0 (—(wa —g+2 ywt g4 ywﬁ 9) )

where we used that X (¢,y) = 2y/t + (y/t)?. To get yi on the right-hand side, we choose
o) =0  B()=f T,—Ry,
so we can define the linear spatial transformation as
(Ry, t2y(t)),

which fulfills all criteria of Definition 5.12 of linear spatial transformation, as ®(¢) = t2 is invertible on R .
The transformed equation is:

go = Xy(toys)  Xu(tyy) = vy
Using formula 5.12 to define the region:

Dx, ={(t, yy) € Ty x F" | (t, ®yy + g) € Dx} = {(t, yy) € Ry x R|(t,#°yy) € Ry x R} = Dy

The transformed equation can be solved as in Example 1.5 or as a separable equation, the only difference
again is the region of the solution as before. The maximal solutions of the transformed ODE are in the form
of (I, yy), where I and y,, are the following:

I=R, yo(t) = 0
. 1
if n>0 then I=(n,o0) Yy (t) = —
n—
1
if n>0 then I=(0,n) yyp(t) = P
1
if n<0 then I =Ry Yy (t) = p—)
n—



where in all cases n € R.
To transform the solution and the domains back to the original case, we have

y(t) = ®()yy (t) + g(t) = 2 yy ().
To get back the domain we use formula 5.14 from the book:
D(Xw)wfl = (Iw X Fn) NDx = (R+ X R) n (R+ X R) =Dx.

For the sake of completeness, the maximal solutions are the following:

I=Ry y(t) =0

tQ

if n>0 then I = (n,00) y(t) = :
n—
2

if n>0 then I=(0,n) y(t) = e
t2

it n<0  then  T=R.  y(t)=—
n—



Exercise 6.7

Exercise

1. Let C, D € M,,(C) with C invertible. Show that eCPCT = ceP L,

2. Let A € M,,(C) be diagonalizable. Denote by 71, ..., 7, a basis of eigenvectors with the corresponding
eigenvalues Aq,..., A,. Put C = (n1,...,m,). Argue that

e = C'Diag [e’\l,...,e)‘"] c1L.

3. For c € R define a 2 x 2 matrix by

Compute e for the two cases ¢ = —4 and ¢ = 4.

Solution (part 1)
We can use the definition of the exponential function e = Y77 (A*/k!):
oo “\k @ -1 -1 % k-1 < Dk
cpc-t (CDC—H)* cDC~'-..CDC™ CcD*C— D 1 D1
e =y =3 =Y o =C( > =celC
0

k! k! k!
k=0 k=0 k=0 k=

Solution (part 2)

If A is diagonalizable, then it can be written in the following form: A = CDC~!, where D = Diag [\1, ..., \,]
and C contains the eigenvectors in its columns. Using the previous part of the exercise, we have:

ed = OPCT" = CePo-l = C Diag [6’\1,...,6/\"] ct,

where in the last step we have used Example 6.4 from the book.

Solution (part 3)

We would like to diagonalize A, so first, we determine the eigenvalues.
2—A 1
|A—/\I|=H: c 2_)\:H:0 — )\1;2:2:|:\/E
If ¢ =4, then Ay =0 and Ay = 4. We calculate the eigenvectors:
2 1 7711 0 7711 —].
A =0 = == =
o[-0 )=
-2 1 M2 0 M12 1
’ [ 4_2][7722] {0} {7722} [2]
Using the eigenvectors we can construct C' and also calculate its inverse.
M1 M2 1 -1 1 2 1
O - = C — —
{7721 7722} [2 2} 4[—21

Now we use the results from part 2 to calculate the exponential:

| 12046t 1-et
Ay 0 4 1_ =
e _CDlag[e,...7€]C _4|:4(]_—64) 2(1+64)



If ¢ = —4, then Ay = 2(1 +4) and A2 = 2(1 — 7). We calculate the eigenvectors:
_ . —22 ]. 7711 _ 0 7711 _ —’L
Ea A g | o ek R K e 1

weeo [ a][m]-[0] = [m]-[6]

Using the eigenvectors we can construct C' and also calculate its inverse.

M1 M2 —i 4 1 2i 1
C= = Cc=- ;
{ N21 22 ] { 2 2 } 4 { -2 1
Now we use the results from part 2 to calculate the exponential:

2 2 | ,—2 20 =2
Ay _ : 2(144) 201-9)] ~—1 _ € 2(e* +e7)  —i(e® —e )
e = C Diag [e ——e } C = T { Li(e¥ —e=2) (e 4 e-2)

We can recognize that the exponential forms of sine and cosine appeared:

eia + efia ) eia _ efia
cosqy = ———— sihg = ———
2 29

So, the simplified solution:
2 2cos2 —sin?2

e
2 | —4sin2 2cos2 |-



Exercise 6.9

Exercise

Let

0 1 0 1
A_[—l O} and B_{lo]'

Compute et and e using Example 6.9 and find the maximal solutions of the ODE-s § = Ay and 3 = By,
satisfying y(0) = (1,0).

Solution

As A, B € M3(R) and Tr(A) = Tr(B) = 0, all conditions are fulfilled to use Example 6.9. We calculate the
determinants:
Al =1 |B| = —1.

Use formulas (6.8) and (6.9) to get e and e'Z, respectively.

sin(t |A|) .
|A] >0 etA:COS(t \A|)I+7A=costl+sint14: { cost Slnt:|

/|A| —sint cost
sh (t —\B\)
tB — B | cht sht
IBl<0 P =ch (t |B|>I+—\/® Bcht1+shtB{Sht Cht}

According to Theorem 6.12, the maximal solutions of the two ODE-s § = Ay and y = By are the following;:
A 2 cost sint 9
(@t ae ) ={(R| G 0 ) e
B 2 cht sht 2
{(Raet nB) ‘WBGR }:{<Ra |: sht cht :| nB) |773€R }

To fulfill the IVP of y(0) = (1,0),

NA1COSt + Nagsint =1 = na1 =1
—na18int +nazcost =0 — Naz =0

and for np:

np1 cht+nps sht =1 = np1 =1
np1 sht+nps cht =0 - np2 = 0.

Thus, the maximal solutions satisfying the IVP are

. cost
y=Ay (R’[—Sint]>
. cht
i=oy (=[5 ))



Exercise 6.11

Exercise
Compute et4, e8| etC | etP where
2 4 3 4 3 4 5 4
13 4] o2 4] e[2a] e[

Solution

We can use Remark 6.10 to decompose the matrices to a sum where one of the components has trace 0, and
the other is diagonal:

1 1
M =M - T(M) I+  Tx(M)1
— ——

My, Tr(M;)=0 M>, diagonal matrix

Then, by Proposition 6.1,

eM — e]v]1+1\/[2 — eMl . €M27

and eM1 can be calculated from Example 6.9, whereas e can be calculated by Example 6.4.
2 4 0 0
TI'(A)ZO, A12A2|:_2 _2:| A2:|:0 O:| |A1|:4>O
Now, by using formula (6.8),

1 . .
etA :COSQtI+§sin2tA1 _ { cos 2t + sin 2t 2sin 2t }

—sin 2t cos 2t — sin 2t
3 4 0 0
Tr(B) =0, B1=B=[_2 _3] BQZ|:O 0} |B1]=-1<0
Now, by using formula (6.9),

B — ]+ shtB) — [ cht+ 3sht 4sht }

—2sht cht —3sht

Te(C) = 2, 01:{_3 _;l]:A 02:“)

= O
-

Now, by using et4,

tC _ tA tp _ t| cos2t+sin2t 2sin 2t
e =¢ eI—e[ —sin 2t cos 2t — sin 2t

Tr(D) = 4, Dlz[‘;’ g}:B Dzz[g

N O
1

Now, by using e*?Z,

tD _ tB 2ty 2t | cht+3sht 4sht
cr =T eil=e [ —2sht  cht—3sht



Exercise 6.17

Exercise

Compute e and e'® where

210 4
A=]10 1 1 and B= 1 2
0 01 -1 -2
Solution
We can follow Example 6.18. First, we compute the eigenvalues:
A= pll=(2—p)(1—p)? =
|B—pll=(4—p)(2—p)*—8+4(4—p) —4(2—p) e

0

NN O

=1

p1 =2

Here pq has multiplicity 2 in both cases. We follow Case II. from Example 6.18.

1 0

0 1 10 0 110
eh=—et| 0 -1 1 |—-@Q+t)et]0 0 1 0 -1 1 |+e*|0 0 1
0 000 0 00 0

0 -1

e

= ¢t 0 1 t

0 0 1
0 4 0 2 4 0] 0 4 0
et = —2e2 1 -2 2 —¥e2f 1 0 2 1 -2 2
-1 -2 =2 -1 -2 0] | -1 -2 -2
2 2 2 -2 0 —4 1'—2 ~16 —4
=2 | 2 0 0 0|+t 10 2 +3 -3 8 —6
-1 -1 -1 10 2 | 5 8 10

p2 =2
p2 =4
2
1
-1 —



Exercise 6.18

Exercise

Let ¢ € C. Consider the matrix A, € My(C) given by:
1 c
a2 0]
Compute e*4e for ¢ =0, 1, 2, 1 +2i, 1 — 2i.

Solution: ¢ =2

If ¢ = 2, then all elements of the matrix are real. As Tr A, = 0, we can use Example 6.9 to calculate the

solution. The determinant is |As| = —1 + ¢ =1 > 0, so using formula (6.8) we have
6tA2=C08t1+sintA2: CostJ.rsmt 2s1nt.
—sint cost —sint

Solution: ¢=1—2¢

As the matrix is now complex, we cannot use Example 6.9; we have to use Putzer-s method. We follow
Example 6.17.
First we calculate the eigenvalues of A;_o;:

l—p  1-—2

[Aroi —pll =]~ 1y

=(1—p)(—1—p)+1—-2i=p?>—1+1-2i=p*>—-2i=0.

For the eigenvalues, we need to calculate the square root of 2i.
i = ci(3+2k)m

Vi=ellGth)m — V2 (1+1)

12 = V2i = +(1 +i

As we have two distinct roots, we are at Case I of Example 6.17. We compute

ri(t) = ett = e~ (1

e/,l,zt _ e/,l,lt e(1+i)t _ 67(1+i)t

ro(t) = = -
2(1) P2 — P 2(1 +14)
Using these and formula (6.13), we get:
. eult ep,gt
etAr-2i — (A1_0; —po 1) + (Ar—gi = I).
H1 — p2 H2 — p1

10



Exercise 6.24

Exercise

1. Find the 2-dimensional real vector space of solutions of the following two homogeneous equations for
real-valued functions
T+z=0 and z—x=0.

2. In this and the following part consider the equation system studied in Example 2.16:
fC.l = X2 jQ =X1.
Argue that the solutions found in Exercise 2.22 form a basis for the space of maximal solutions.

3. Using part 1, determine again all solutions of the equations system. Compare with part 2. Hint:
Example 5.21.

Solution (part 1)
We begin with the first equation. We identify Dy = R x R x R. First, we determine the associated first-order

ODE: .
= Y1 0 1 Y1 2
Y2 =1 dt{yz] {—1 OHyz] xR
A

According to Theorem 6.12, the space of maximal solutions is the following;:
Soy = {(R, etAn) |n e RQ} .

As Tr A = 0, we can use Example 6.9 to determine the exponential:

‘A cost sint
e’ = .
—sint cost

To find the solution space of the second-order ODE, we can apply Theorem 6.22 (extract the first row of
So,y):
So = {(R,n1 cost+ne sint) |n1,ne € R}.

We can follow the same steps for the second equation. Identify Dy = R xR xR. The associated first-order
ODE: 4
n=x (1 0 1 (7 2
. — = Dx =R x R=.
y2 =i dt{yz] {1 OH:uz] *
A

The space of maximal solutions:
Soy = {(R, etAn) |neR?}.

Tr A = 0 again, so the exponential:

oA _ cht sht
~ | sht cht

The solution space of the second-order ODE:

So = {(R,m cht+mna sht) [n1,m2 € R}.

11



Solution (part 2)
This second-order homogeneous system of ODE-s can be rewritten in the form of formula (6.20):
w o]l ][R ]-
de?2 | x2 -1 0 2
T

Then, the associated first-order ODE is the following;:

Y1 =21 Y1 0 010 11
Yo = T2 i Y2 o 0 0 0 1 Y2 o 0 I
ys = iy at|ys |~ |01 00 Ys Y=1 —4, -4 |Y
Y4 = T2 Y4 1.0 00 Y4
A

To find the solution space, we would like to use Theorem 6.22, so we need to calculate e!4. We can easily
see by Laplace expansion with respect to the first row that the determinant is |A| = —1, so the matrix can
be diagonalized. We can identify the eigenvalues by solving

—-A 0 1 0

-A 0 1 0 - 1
8‘?_25—A1—A0+1010:/\41:0
0 0 = 1 -A

1 0 0 =X

The four eigenvalues are
AM=1 Ao =—1 A3 =1 Ay = —1i.

The corresponding eigenvectors:

v =

— = =
4
[\v]
|

Now we can construct the matrix from the eigenvectors, and calculate its inverse:

1 -1 i —i 1 1 11
I I S R A 11 -1 11
=11 1 1 4 CU=3 S i o1
1 1 1 1 i —1 —1 1
Now ef4 can be calculated easily by applying our results from Exercise 6.7 (see also Remark 6.14):

et = CDiag{e', e7', e, e} C7! =

cht cht sht sht [ cost —cost sint —sint
1] cht cht sht sht 1] —cost  cost —sint sint
~ 9| sht sht cht cht + 92 | —sint sint cost —cost
sht sht cht cht sint —sint —cost cost

We can extract the first two rows from e*4 to get ¥:

1 cht cht sht sht_+l_ cost —cost sint —sint
2| cht cht sht sht_ 2| —cost cost —sint sint |’

U =

Finally, we can apply Theorem 6.22 to get the solution space.
So = {¥in|n e R*}

Solution (part 3)

12



Exercise 6.30

Exercise

Let

-1 0 10

Identify a particular solution yg and the solution space Sp for the following equations:

A:[ 01} and B:{Ol].

vowe2]wvmae] 2] o s
? 923“[2] 4 9=By+w} 6) y:By+[2]

Solution

According to Theorem 6.28, if A € M,,(F) and b € C°(Z;F") where Z C R is an interval, and tq € Z, the a
particular solution yy and the solution space S, of the ODE y = Ay + b is given by

t
Yo = / elt—5)A b(s) ds Sy = {yo + etAn [n e ]F”} .
to

The exponentials e and e!? can be calculated according to Example 6.9, see the solution of Exercise
6.9 for the details.

Al=1  |B]=-1.

sin (t+/]A| )
|A|>O e“‘:cos(t A|)I+<>Azcostl+sintA:{ cost smt}

/|A| —sint cost

B <0 P =ch (t |B|)I+Sh(t_B)B chtl+ shtB =

V=Bl
We calculate the general form of the particular solutions yq for a general b(t):

w= [t [tz e |

0

w=[eoma= [ G070 620 [0

0 0

cht sht
sht cht

Note that we are searching for one particular solution, thus ¢y can be chosen arbitrarily. So, the solution
space is then given by the formula above.
Executing the integrals, we get the following independent particular solutions:

1) y(t) = (1)] 2) wolt) = _H
9 w0 = 10| P S={wretalne®) 0 w0 | F0, ] b Sl etuiner)
5 wlt) = | f] o w)=| _H

13



Exercise 6.31

Exercise

Identify a particular solution g and the solution space Sy for the following ODE-s:

1) 2+z=1 3) i+x=¢' 5) i4+xz=t
2) i—x=1 4) i—xz=¢€t 6) Z—x=t

Solution equation 1

We begin by finding the associated first-order ODE:

n=u Ay | _ 01 o 0
Yo =1 dt | y2 -1 0 Y2 1
This is the same equation as we solved in Exercise 6.30, which was solved by the application of Theorem
6.28. See the solution of that exercise for further details:

yo(t){l—cost} Sb{y0+|: cost Smt]nneRz}.

sint —sint cost

As y; = x, we consider only the first row of the above solution of the first-order ODE to get the solution of
the second-order ODE. Thus, a particular solution and the solution space is:

xo(t) =1 Sb:{1+771 cost + 1 sint\m,nQGRz}.

Similarly, the other equations are corresponding to the ones in Exercise 6.30.

14



Exam 2009 October, Exercise 1

Exercise

Consider the following separable ODE:
j = y? sin(t), (4)
defined for all ¢ and y.

o Find the maximal solution with y(0)

0
1

/3

o Find the maximal solution with y(0) = 1/2 and y(0) =1

o Find the maximal solution with y(0)

Solution

To solve this exercise, we follow Section 4.1 and Section 4.2 in the book.
The equation can be written in the form

y=y? sin(t) Dx =IxJ, from the exercise: Dx = R x R.
———
X (ty)

We can introduce the following notations as usual:

yto)=n  fly):==y"  q(t):=sin(t)  so the equation: y = f(y)q(t).

As the ODE can be written in the above form, Z and J are open intervals, f € C%(J) (as y? is continuous
on R) and ¢q € C°(Z) (as sin(t) is continuous on R), 4 is a separable equation. The overall goal to solve the
ODE using Theorem 4.6 from the book.

First identify the constant solutions (equilibria).

e:={yeR| fy) =0} = f({0}) = {0}

So, the only constant solution is (R, 0), as y(t) = 0 is defined on the entire Z = R. Recognizing that y(t) =0
fulfills the initial condition y(0) = 0, we have solved the first part.
Now we decompose J to countable open domains.

Ui =R\ {e} = (=00, 0) U (0, +00)
‘ J- Tt

Asin J_ and J4, f(y) # 0, so it is OK to divide the ODE by f(y). Thus, with the introduction of h(y), we
get:

1 1

fly) v

Following Section 4.2 from here, we calculate the below integrals:

Q1, (1) := /t q(t) dt = / sin(t) dt = cos(to) — cos(t)

to

m) = [ @ a- [ S a- -2
y) = PNdj=[ Zdy=——--
! " n noy
We can use Theorem 4.6, and determine the non-equilibrium solutions (I, y). We see that all the 1 initial
values (apart from the solved case when n = 0) lie in J,, so we deal with this only. From the theorem we

know that
r-agngg=a. ({34 ve o) <o (1)

1
=qteR| —oo<1—cos(t) < z{tER|1—<COS(t)}7
—— n

Qo(t)

S|

15



where in the first step of the second line we used that to = 0 for all parts of the exercise, so Qy,(t) = Qo(t).
In order to get the solution, we need to calculate:

_ -1 = ! = !
y(t) = Hy ' (Qu (1) = ToQot) T —Ttcos(t)

Let us consider the three cases when 1 # 0 one by one.

o If n=1/3, then
I={teR| —2<cos(t)} =R.

As this consists of a single connected component containing tg = 0, the solution fulfilling the initial
value problem is
1
R, ——— .
2+ cos (t)
o If n =1/2, then

I={teR| —1<cos(t)} =R\ [ J{@k+1)m)} = | ((2k — V)m, 2k + 1)7).

keZ keZ

This is the union of intervals, and as tg = 0 is contained in the interval where k& = 0, the solution
fulfilling the initial value problem is

(_ +) #
T 1+cos(t) )’
e If n=1, then

I={teR|0<cos(t)} = U <(2k—;)7r, (2k+;>7r>.

keZ

This is again the union of intervals, and as ty = 0 is contained again in the interval where k = 0, the
solution fulfilling the initial value problem is

<(72T +3) cosl(t)) '

Please find the interactive graph of the solution by clicking on this link.

16


https://www.desmos.com/calculator/ut6xyds1zj

Exam 2014 August, Exercise 1

Exercise

cht sht

e Show that [ sht cht

} is a fundamental matrix for

. 0 1
g = { 10 ] y  yeR2
o Find all maximal solutions for
U1 =" Y2 = Y3 U3 = Yo Ya = Ya yi € R.
+ Find all maximal solutions for ® = &7, where ® € My(R).

Solution (part 1)

We can write the equation of the form

. 0 1
y=Ay A—[lo].

According to Theorem 6., if A € M,,(F), § = Ay, then the fundamental matrix of the equation is (R, e!4).

To calculate et, we can follow Example 6.9 as TrA = 0.

sh (¢ v/ —[A])
V=14

Thus, we have showed that the fundamental matrix is as stated.

|[Al=-1<0 et = ch(t/—|A) I +

A= ch(t)T+ sh(t)A= [ cht sht}

sht cht

Solution (part 2)

As y1, y4 are detached from ys, y3, the first and last equations can be solved separately. Following Example
1.3, the sets of maximal solutions are:

{(R, y1 =me) |m e R} {(R, ys =nae’) [ns € R}.
For s, y3, we have the following equation:
dlwp|_[01 Y2
dt | y3 1o ys |

This is the same ODE as in part 1. All maximal solutions are given as the linear combinations of the columns
of the fundamental matrix (Theorem 6.12). Thus, the maximal solutions of the equations are:

Y1 (Ra m et)
Yo : (R, no cht+ns sht)
n; € R
Y3 : (R, m2 sht +ns3 sht)
Ya (R, mae’)

17



Solution (part 3)

Let us denote the elements of the matrix ® by:

w0-[n0 o] ro=[n0 Ne]

Then the ODE is:

g2(t)  galt) | | y3(t) walt)

This means, that we have the same set of ODE-s as in part 2 of this exercise for the elements. Thus, the set

of maximal solutions is:
t
nme 72 sht +mn3 cht ‘
{<R’ [772 cht+ns sht N € | m €R

{ yi(t)  ys(t) ] _ { yi(t)  ya(t) } .
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Exam 2014 August, Exercise 2

Exercise

Consider the linear fourth-order ODE:
@ — 52?3 44 = 0, xz eR.

We can use that )

11 1 1 8 8 —2 -2
1 2 -1 -2 1 -2 -1 2 1
1 4 1 4 T 12 8 -8 —2 2
1 8 -1 -8 -2 1 2 -1

1. Find the space of maximal solutions Sy.

2. Find the maximal solution fulfilling

z0)=1, 2P0 =1, 2P0)=-5 = 2%0) =1
3. Find Wy4(t), the top right corner of e*4, where A is the coefficient matrix for the associated first-order
ODE y = Ay.

4. Find the maximal solution of
@ — 523 44y = 1268,

that satisfies the above IVP.

Solution (part 1)

First, compute the associated first-order ODE:

ylzx(o) Y1 0 ]. 0 0 Y1

y = V) dlwp|_| 0010 Ya

ys = = dt|ws || 000 1] us

ya = a® Ya 405 0| | w
A

To find the solution space, we would like to use Theorem 6.22, so we need to calculate e!4. We can easily
see by Laplace expansion with respect to the first row that the determinant is |A| = 4, so the matrix can
be diagonalized. We can identify the eigenvalues by solving |[A — A I| = 0, or by finding the characteristic
polynomial from the higher-order equation (by substituting e*t):

A =5\ 44 =0.

The four eigenvalues are
A=1 Ay =2 A3 =-—1 Ay = —2.

The solution space is then, by Theorem 6.23:
So = Spang, {e, e*, e7", e} .
Solution (part 2)

To find the maximal solution fulfilling the IVP, we take a general element of Sp:

zo(t) = me' +noe® +mge”t + e
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Considering the derivatives at ¢t = 0, we have:

z(9(0) 11 1 1 m 1
(M (0) 1 2 -1 -2 | 1
z(2)(0) 1 4 1 4 ns | | =5
x(B)(O) 1 8 -1 -8 in 1
Solving this system of equation by multiplying the the inverse with the initial conditions will result in:
m 2
| _ | -1
73 1
M4 -1
Solution (part 3)
Now we calculate the eigenvectors of A:
1 1 1 1
1 2 | -1 ] -2
v = 1 Vg = 4 V3 = 1 Vg4 = 4
1 8 -1 -8

Now we can construct the matrix C' from the eigenvectors, and calculate its inverse using the hint:

11 1 1 8§ 8 -2 =2

12 -1 =2 1 -2 -1 2 1
=114 1 1 e 8 8 2 2
1 8 -1 -8 -2 1 2 -1
Now ef4 can be calculated easily by applying our results from Exercise 6.7 (see also Remark 6.14):

et = C Diag {et, e?t et 672t} c1
We can extract Wq4:

1 1 1
Vi =35 (—2e' +e* 427" —e7?) = g Sh2t— gsht.

Solution (part 4)

To get the solution for the inhomogeneous equation, we apply Theorem 6.30.

xo(t):/ Ura(t—s) fs)ds  f(t) = 12¢!

to

Executing the calculation we get:

zo(t) = -+ = —2te’.
So, the maximal solutions to the inhomogeneous equation are:
Sp =Sy — 2tel.

In order to find the coefficients so that the solution satisfies the IVP, we can use a similar method as above
in part 2.

m 20
ne | 1 0
ns | 12 0
74 -8

The maximal solution satisfying the IVP is then
5 2
(R, (3 — 2t> et — 36_2t> .
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Exam 2016 March, Exercise 1

Exercise
Consider the equations defined in Dx = R4 x Ry, and the solutions y = y(¢).

1. Find the maximal solutions for

)= —— 2) = V2.
i=qs YO V2
2. Find the maximal solutions for o

Y= @7 y(\@) =2

Hint: reparametrization (temporal transformation or separation of variables).

3. Find the maximal solutions for

<
I
\
N
|~
<
—
S
~—
I
[\
oojwo

Hint: search for a transformation of the form t* y(t).

Solution (part 1)

This ODE can be solved by the separation of variables as it has the form of y = f(y) ¢(t). We can identify

the two components of Dx:
DX :IXJ:R+XR+.

Furthermore,

First, identify the constant solutions:

e={yej|f<y)=0}={yeR+|4;=o}=@.

Thus, there are no constant solutions, so there is no need to decompose J further. Define h(y):

h(y) := ﬁ = 4y°,

so the ODE now has the form of
h(y)y = q(t).

To integrate the separated ODE, we calculate the antiderivatives of ¢(t) and h(y):

t t
Qto(t)zfq(s)ds:/ lds=t—tg=1t—2,
to to
y y
Hn(y):/ h(r)dr:/ 4r3dr =yt —nt =yt — 4.
7 7
According to Theorem 4.6, the interval of the maximal solution is the connected component of ¢y in

Q;}l(H,,(j)), and the function solving the ODE is given by y(t) = H, ' (Qy,(t)). So we compute first H,(J)
and then I.

Hy(J)={2 €RI0* —4 < z < 00® — 4} = (—4,0)
I=Qu (Hy(J)) = (—4+2,00+2) = (—2,00)
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But as Z = Ry, I = Ry as well. We move on to compute H, ' and then y(t).
Hy''= (2 +4)7
y(t) = Hy (Qu () = (t =2+ 4% = (t+2)*

So, the maximal solution satisfying the IVP is
(R+7 (t + 2)%>

Solution (part 2)
We solve this ODE by the application of a temporal transformation, and begin by applying formula (5.3).

Dx, ={(t,y) € Te x R" | (O(t),y) € Dx}

Xo(t,y) =0(t) X (6(t),y (6(1)))
Substituting X (¢,y) = % into the above formula, we get

20(t)

4y

Xo(t,y) = 0(1)

We could get back the original equation if 2©(t) O(t) was 1.
20)0() =1 =  O@)=+1t

This temporal transformation defined on Zg = R, is differentiable, invertible and orientation preserving (as
© > 0). We identify Dy, based on the formula above:

Dy, = {(t,y) eR, xRy |(VEy) € DX} = Dx.

Now we transform the IVP of the original equation to the transformed equation. Values in the transformed
time are those that were ©~1(t) earlier in the original time:

V2 =VE = ) =Va

The solution to the transformed equation is the same as above as all the equation, the IVP and the domain

are the same. .
(Re,t+2)1)

To transform back to the original time, we apply the t — ©~1(¢) = 2 inverse transformation, so the solution
of the original equation is

(R, (22 +2)%).
Note that the interval R, is left intact by the inverse transformation as well. This solution is maximal due
to Theorem 5.9.

Solution (part 3)

We solve this equation using linear spatial transformation. According to Definition 5.12, the relationship
between the original and the transformed solutions is

y(t) = D(t)yy(t) +g(t), (5)

where ®(t) in our 1-dimensional case is a scalar valued function. Using the hint, we know that that ®(t) = ¢t
and g(t) = 0. We know that X (¢,y) = —y/(4t) + 1/(2¢®), and to get Xy (¢, yy), we can use formula (5.11)
from the book (which is derived by substituting the above expression into the original ODE):

_ : . _ _ %Yy, 1
Xu(t, v :@1(—@ G X (LD ):ta —ate 1y, —
o (t, Yy) Yy — g+ X (¢, Pyy +9g) at® Yy — — +2(tay¢)3
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where we neglected the t arguments for simplicity. Expanding the expression results in:

1\ y 1
Xyt yy) = — )2 —
w( ’yw) <a+4> t + 2t4ay37

from which we can guess that o = —1/4 result in the simplification of the ODE. Defined on Z,, = Ry, the
linear spatial transformation we can apply is
(R-‘m t7%> )

which fulfills all criteria of Definition 5.12 of linear spatial transformation, as ®(t) = =1 is invertible on Ry.
The transformed equation is the same as the ODE in part 2:

2t

i

Uy = Xp(tyy)  Xy(tyy) =

Now we use formula 5.12 to define the region.
Dx, = {(t, ys) € Ty x F" | (t, By, + g) € Dx} = {(t, ys) € Ry x R (4, Tyy) € Ry x R} — Dy
The maximal solution of the transformed equation is
(RJM (t* + 2)%) ;
and to get the solution to the original ODE, we apply the transformation to this solution:
(R+,t—%(t2 + 2)%) .
This solution is maximal due to Theorem 5.13. The domain of the solution is left intact as according to
formula (5.14),
D(Xw)¢—1 =(Zy xF*")NDx = (Rt xR)NDx = Dx.

At t = /2, the above solution takes the value of 2%, so the IVP is fulfilled.
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Exam 2017 March, Exercise 3

Exercise
1. Find the maximal solutions for the homogeneous equation
T—2—2x=0 vt € R.

2. Find a particular solution for the inhomogeneous equation

F—f—2r=—3e?

3. Argue that the inhomogeneous equation with initial condition 2(0) = 0, ©:(0) = 1 has a unique solution,
and find it.

Solution (part 1, version 1)

First find the associated first-order ODE:

=21 diy | _[01 Y1
Yo =1 dt | y2 2 1 Yo |

———
A

We know from Theorem 6.12 that the space of maximal solutions is
So = {(R, etAn) |ne RQ}.

As Tr A =1 # 0, we can use Remark 6.10 to decompose the matrix to the sum where one of the terms has
trace 0, and the other is diagonal:

- 1 1 C[-12 1 /20
A= d-gl+ 2! _[ 2 1/2}+{ 0 1/2}
—_— <~

Aq, Tr(A1)=0 Az, diagonal matrix

Then, by Proposition 6.1,

otA — ot(A1+Az) _ t AL

The first term, e can be calculated from Example 6.9:

_ tA _ _ _
Al =-9/4<0 e 1—ch(t |A1|)I+—_|A1| Ay =
3 3
ch (3¢) — bsh (31) 2sh (21) 1
- 4sh (3¢) ch (3¢) +4sh (31) |

The second term, e?? can be calculated by Example 6.4:
eth2 =3t I
Thus, by multiplying the terms, we get:

etA — etAl . 6tA2 —



According to Theorem 6.12, the maximal solutions are then:

{(R, e"*n) |n e R?}.

As the first row of the solution, y; corresponds to the original solution x (see Theorem 6.22), so the set of
maximal solutions for the original equation is:

{(R, m e +mpe) [m,m2 € R*},

where we simplified the coefficients.

Solution (part 1, version 2)

We can use Theorem 6.23 from the book. We have a 1-dimensional, second-order ODE, and in our case
F = R. We can obtain the characteristic polynomial by substituting z(t) = e** to the original ODE (see
Lemma 6.25):

M-A-2=0 = AM=2  A=-1l

As both eigenvalues have a multiplicity of 1, by Theorem 6.23, solution space is:

So = Spang {e%, eft} .

Solution (part 2)

We would like to use Theorem 6.30, which states that if A; € M, (F), and f € C°(Z;F") with Z C R an
interval, then a particular solution of the higher-order ODE

e®) 4 Apq2® o A 4 Agz = f(2)
is given by

zo(t) = / Ura(t — 5) f(s) ds,

to
and the solution space is

Sy = {/tllllk(ts)f(s)der\IJl(t)n’ n e ]F’“"}.

to

In our case (Theorem 6.30),

1
\Iflk = \1112 = g (62t — €7t) .
So, substituting this into the formula above:
‘1 1
o = / 3 (62’5 — e_t) (—36_5) ds=---= 3 (th - e_t) +te "t
0

As the first term of z¢ is included in the solution of the homogeneous equation, it can be neglected for
simplicity. Now we can determine the solution space of maximal solutions for the inhomogeneous ODE.

{(R,me* +met+te) |n,n € R?}

Solution (part 3)
The associated first-order ODE of the inhomogeneous ODE looks like:

Y= d | 0 1 Y1 0
. _ = X t7 = _ .
yo = i dt{yz] ¢ 9) [2 1“@/2%[—3“
We would like to use Theorem 7.19. Assume that the solution to the IVP is not unique. There exists a
time tg = 0, where the two solutions must match. X (¢, y) is locally Lipschitz, as it has continuous partial

y-derivatives (Lemma 7.14). It follows from Theorem 7.19 that the two solutions must be the same.
To satisfy the IVP, 1 = 5 = 0, so the maximal solution satisfying the IVP is:

(R, te™?).
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Exam 2018 June, Exercise 2

Exercise

1. Find the fundamental matrix of
. 2 -1
y = By B = { 5 o ] .

2. Find the maximal solutions of the equation.

3. Find the maximal solution satisfying the IVP

v0=| g -

4. Find the maximal solution for the inhomogeneous equation
. t—2
y=By+[2t4} y(O):{

Solution (part 1)

We know from Theorem 6.12 that the space of solutions is
So = {(R, etBn) |n € RZ} .
As Tr B = 0, we can use Example 6.9 to calculate the exponential (|B| =1 > 0).

B _ | cost+2sint —sint
o 5sint cost —2sint |~

From Theorem 6.13, the fundamental matrix & is:

o) =ePy  neR

Solution (part 2)

The maximal solutions of the equation are (Theorem 6.13):
{(R, ®()) |y € R?}.

Solution (part 3)

Again, according to Theorem 6.13, the n = ®(0) = (1, 0), meaning that the maximal solution satisfying the

IVP is
cost + 2sint
<R’ { 5sint }) '

To find a particular solution yg, we can use Theorem 6.28.

t t
Yo = / =98 p(s)ds = / e=9B p(s) ds

to 0

Solution (part 4)

Another, faster method is to look at the inhomogeneous term, and search a particular solution in the same

form
| at+b

yo_[awd]
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Substituting this into the equation, we get

a | 20t +2b—ct—d+t—2
c| | Bat+5b—2cc——2d+2t—4 |’

Matching the linear and constant coefficients, we get the following equation:

20 -1 0][a -1
12 0 -1 b | | 2
50 -2 0 c| 7| -2
05 -1 =2 |d 4

Solving this e.g. by Gaussian elimination, the solutions are a = d = 0, b = ¢ = 1. Thus, a particular solution

wi=[ 1].

Thus, the solution space for the inhomogeneous equation is (Theorem 6.28):
Sy = {(R, e""n+yo) In € R?}.

To satisfy the IVP, n; = 1 = 0, so the maximal solution satisfying the IVP is:
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Exam 2022 August, Exercise 2

Exercise

1. Find all maximal solutions to the following system of differential equations

1 = 2y19Y2
P2 =1

defined for all £, y1, y2 € R.

2. Consider now the non-linear differential equation

defined for t € R and y € R?, i.e.,, Dx = R x R2. Verify that

Y1ty
Vily) = [ —;1+;2 ]

with Zg = R defines a linear spatial transformation.
3. Determine the transformed region Dx, C R x R? and the the ODE 5jg = Xy (¢, yy).

4. Find the maximal solution (I,y) which satisfies

Solution (part 1)

The second equation is independent of g7, and can be solved using the fundamental theorem of calculus:

t
yg(t):/ 1dS:t—t2:t+n2,

ta

where we introduced a new variable 7, for consistency. Then, by substituting - into the first equation:

g1 =2(t + n2)y1,

which can be solved as Example 1.3:

{R, e“m)|m € R}

G= /2(t+n2)dt:t2 + 2 t.
So, the maximal solutions for y; are

{(@® 2t y) |y mp € R

Thus, the maximal solutions for the system of ODE-s:

t242na t
{(R, {e t+n2m D |Tl1,n2eR}.
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Solution (part 2)

We can rewrite ¥, (y) as follows:

o= 1]

—_——
®(1)

As ®(¢) is a matrix independent of y. Its determinant is |®(¢)| = 2, so it is invertible, and the domain Zy = R
on which it is given is given is an interval. Thus, all conditions of Definition 5.12 are fulfilled, and ¥;(y) is a
linear spatial transformation.

Solution (part 3)

To get Xy (t,yy), we can use formula (5.11) from the book (which is derived by substituting the above
expression into the original ODE):

Xt ye) = @71 (=dyy =g+ X (1,Oyy +9))

To compute the above expression, we need to calculate ®1:

171 -1
-1 _ 1
IR

and also note that ® = 0. Thus,

% E(y\m + yw2)? — (—yw1 + y\yz)zg +1 ] _ { 2yg1ywe + 1 ] .
2

% =g |1 1] |
Wb Yy 211 1 (—yw1 + yw2)? — (yo1 + yw2)?) +1 1

Now we use formula 5.12 to define the region.
Dx, ={(t, yy) € Ty x F" | (t, Py, + g) € Dx} = {(t, yy) E R x R?| (¢, tyy) € R x R*} =Dy

Solution (part 4)

As the transformed ODE is the same as the one in part 1, the maximal solutions for yy are also the same:

242 t
(e [0 ) o e}

We apply the transformation to get the maximal solution for the original ODE:

{(R, )mhmeR}.

Note that the domain was not affected by the transformation. The IVP can be solved easily:

et’2mat M+t + 1
2
_et +2n2t m t N2

m+mn=1
—-m+n2=-1

which is solved by 71 = 2 and 1 = —1. So the maximal solution satisfying the IVP is:

R | 224t
V| —2e -1 | )
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